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Abstract

This paper proposes a new anti-multipath modulation scheme which the
author calls PSK-VP (Phase Shift Keying with Yaried Phase) in which a varied
phase-waveform is redundantly imposed on the DPSK timeslot. The relation-
ship between the phase-waveform and BER is discussed by using an analytical
approach based on special diversity with a continuous branch. A formula-type
BER expression is obtained by the analytical approach and shows the optimum
phase-waveform condition. A convex phase-waveform asymptotically satisfies
the optimum phase-waveform condition as its phase shift peak is increased.
‘PSK-VP with a convex phase-waveform’ raises the delay difference upper
limit to almost 1 symbol and shows an excellent BER for a multipath fading
whose delay differences are less than the upper limit. A numerical evaluation
also confirms the above results and additionally shows that 4-ary PSK-VP can
nearly double the upper limit as measured in bits, which is about 1.7 bits for

the convex phase-waveform.

The author was with ATR Optical and Radio Communications Research Laboratories, Seika-cho, Soraku-
gun, Kyoto 619-02, Japan. He is now with Kansai Information and Communications Research Laboratory,
Matsushita Electric Industrial Co., Ltd., Moriguchi, Osaka §70, Japan.



Contents

II

III

IV

Abstract . . . . . . e e e e e e e e e e
INTRODUCTION . . . . e e e e e s e e e e
PSK-VP SCHEME . . . . . . . e
Il PSK-VP Signal . . ... .. . .
II.2  PSK-VP Detection Process . . . . .. ... ... .. ... .....

ANALYTICAL APPROACH . ... .. .. . . . . ..
III.1  Detection Output for Two-Ray Model . . . .. .. ... ... ...
III.2  Diversity Model for PSK-VP . . . . . .. ... ... . ... ...
II1.3 Condition for Diversity Effect . . . .. ... .. ... . ... . ...
II1.4 Major BER Features of PSK-VP Subjected to Two-Ray Rayleigh
Fading . . . .. . . o e
II1I.5 Ideal Boundary and Optimum Condition for Phase-Waveform
II1.6  Examples for Typical Phase-Waveforms . . . . . .. ... ... ...
I11.7 Extension to L-Ray Model . . . . . . . ... ... ... ... ....
NUMERICAL EVALUATION . . . . . .. . .. oo oo oo

IV.1  Outline of the Calculation Process . ... ... ... ........
IV.2  Conditions for Calculation . . . . . ... ... ... .. ... ....
IV.3 Results of Calculation . .. .. ... ... ... .. ... ......
CONCLUSIONS . . . . e e e e e e e e e
Appendix A: Derivation of Detection Output for Two- and L-ray Models .
Appendix B: Analytical Approach Error-rate Derivation for Two- and L-
ray Rayleigh Fadings . . .. ... ... ... ... ... ... ..
Appendix C: Eigenvalues of Matrix X for Two- and L-ray Models . . . . .
Appendix D: Proof for Convex Phase-waveform Ensuring L-th Order Di-
versity Effect in L-ray Model . . . . ... ... ... ... .. ...
Appendix E: The BER lower limit for the L-ray Rayleigh Fading . . . . . .

Appendix F: Calculation of the covariance matrix 2. . . . . .. ... ...



Appendix G:

Derivation of the probability density function p(g) . .. ...

Acknowledgment . . . . ... oL

Bibliography

...................................



List of Figures

I11
I12
111
112
1113
1114

115

IVl

v2

Iv3

Iv4

IvVs

PSK-VP signal phase (an example for convex phase-waveform). . .. ...
Detection process for PSK-VP (block diagram of differential detector).
Detection output for two-ray model. . . . . . . . ... o o oo
Diversity models for PSK-VP. . . . . . .. .. ... .. . oo,
Stepped and Convex (Parabolic) phase-waveforms. . . . . . ... ... ...
Analytical approach results for 2- or 4-ary PSK-VP with stepped phase-
waveforms compared with the ideal boundary in two-ray Rayleigh fading. .
Analytical approach results for 2- or 4-ary PSK-VP with parabolic (convex)

phase-waveforms compared with the ideal boundary in two-ray Rayleigh

Numerical evaluation results for BPSK-VP with stepped phase-waveforms.
Numerical evaluation results for BPSK-VP with parabolic (convex) phase-
WaVEIOTINIS. « « v v v v v v e et e e e e e e e e e e e e e
BER vs. 7 performances of BPSK-VP with parabolic (convex) phase-
waveform for various postdetection filters in two-ray Rayleigh fading.

BER vs. 7 performances of QPSK-VP with parabolic (convex) phase-
waveform using gaussian postdetection filter compared with QPSK-VP us-
ing integrate-and-dump (abbreviated to I & D) and conventional QDPSK
in two-ray Rayleigh fading. . . . . . . ... ... ... o oL
BER vs. SNR performances of QPSK-VP with parabolic (convex) phase-
waveform using gaussian postdetection filter (B7'=1.3) in 2- and 3-ray
Rayleigh fading for various fp compared with conventional QDPSK in
Rayleigh (frequency-nomnselective) fading. . . . . ... . ... ... ... ..

10



I INTRODUCTION

High-speed digital mobile communications are severely affected by the frequency-selective
fading caused by multipath with various time delays[1]-[3], which characterizes their radio
channels. Severe intersymbol interference caused by the frequency-selective fading greatly
degrades the BER (Bit Error Rate)[4], and consequently limits the maximum transmission
data rate.

To combat the BER degradation, various anti-multipath modulation schemes, in which
a redundant phase/amplitude transition is imposed on a basic conventional modulation,
have been proposed{5]-[9]. In general, these modulation schemes are characterized by
hardware simplicity with no adaptive process, and an ezcellent BER for a multipath fading
whose delay differences are less than a certain value (hereafter, called delay difference
upper limit). For example, the upper limit of DSK][6] is less than 0.5 bits.

Raising the delay difference upper limit, which is equivalent to raising the usable bit-
rate, is an important problem for such anti-multipath modulation schemes, because the
limit is rather low for applications to various propagation environments or applications at
a higher bit-rate. The choice of the basic modulation and how the redundancy should be
imposed determine the upper limit. By choosing DPSK as the basic modulation, PSK-
RZ[7] with amplitude redundancy, SPSK[8] and MC-PSK[9] with redundant phase-jump
have successfully extended the limit. This is because M-ary versions of the above can
significantly extend the limit as measured in bits. However, optimization for redundancy
to extend the limit has not been discussed.

In this paper, the author proposes ‘PSK-VP with a conver phase-waveform’ as an
answer to the problem. PSK-VP (Phase Shift Keying with Varied Phase)[10] is defined as
a generic name for modulation schemes in which a varted phase-waveform is redundantly
imposed on the DPSK timeslot. Then, the optimum shape of the redundant phase-
waveform is investigated.

PSK-VP (in particular, 2- and 4-ary PSK-VP, i.e., BPSK-VP and QPSK-VP are
dealt with in this paper) is characterized using an analytical approach and a numerical
evaluation. The analytical approach reveals the major BER features, in particular, the
relationship between the BER and the phase-waveform through a formula-type BER ex-
pression, and determines the optimum shape of the phase-waveform through an optimum
phase-waveform condition derived from the BER expression. The numerical evaluation
verifies the above results.

The analytical approach is based on diversity. Though similar unique DSK analysis



was done by Ariyavisitakul et al.[6], extensions are required because the diversity for PSK-
VP is a special type with a continuous branch and the previous analysis cannot estimate
the changing of the BER to a delay difference. Using the analytical approach, not only is
the improvement mechanism (a kind of path diversity) clarified, but we also obtain the
formula-type BER expression.

The analytical approach is done mainly for two-ray Rayleigh fading, then extended
for general L-ray Rayleigh fading. All major PSK-VP characteristics are revealed for
two-ray Rayleigh fading, and they or their reasonable extensions are also obtained for
L-ray Rayleigh fading.

The numerical evaluation is based on an analysis method for a quadratic detector using
a characteristic function, which was studied by Kac and Siegert[11] and Turin[12], and was
also applied to analyze DSK[6]. The numerical evaluation, which is rearranged to analyze
PSK-VP, is mainly done to verify the results of the analytical approach with several
approximations and assumptions, and to reveal other PSK-VP characteristics which the
analytical approach can not deal with.

The numerical evaluation nicely confirms the excellent performance of PSK-VP with
a convex phase-waveform estimated by the analytical approach and additionally reveals

a robust feature for rapid fading.

1I PSK-VP SCHEME

II.1  PSK-VP Signal

In PSK-VP, a varied phase-waveform ¢(¢€) is redundantly imposed on the DPSK time-

“......,.."‘C.. ®) 4771 o(e)
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Time

Figure II1: PSK-VP signal phase (an example for convex phase-waveform).



slot (Fig.II1). The PSK-VP signal phase ((¢) is expressed as
C.(t) = C.(E_l_mT) = ¢(€) +19'm ym = ""_27"170)1727" ‘o (IIl)

where e=t—mT (0<e<T, T:symbol length, i.e., timeslot). The phase difference between
the (m—1)th timeslot and the m-th timeslot:

B = Oy — Vs (112)

bears the m-th M-ary data. Though various methods to map the data into 8,, can be
considered, in this paper, it takes 0 (mark) or = (space) for 2-ary PSK-VP (BPSK-VP)
and 0 (mark-mark), w/2 (space-mark), = (space-space) or 3w/2 (mark-épace) for 4-ary
PSK-VP (QPSK-VP) which are conventionally mapped according to the Gray encoding.
(Of course, symmetrical mapping[13], i.e., x/2 for BPSK-VP and +7/4, ndr/4 for
QPSK-VP is also possible. However, because the following analysis is exactly the same
when the intersymbol interference due to band-limitation 1s ignored, in this paper, only
the conventional asymmetric mapping is dealt with.)

Then, if the band-limitation effect is ignored, the complex envelope of PSK-VP signal
is expressed as

v(t) = e (1I3)

Hereafter, j denotes v/—1.

11.2 PSK-VP Detection Process

PSK-VP detection is carried out with a differential detector (Fig.112). If a complex
envelope of received signal is expressed as z (t), the complex envelope z3(t) of the delayed
signal will be expressed as

2t)=20t-T)- e~ Iv (I14)
where ¢ denotes the detection phase, which takes 0 for BPSK-VP and +n/4 according
to the I/Q-axis for QPSK-VP. The detected signal d(t), i.e., the baseband component of

the product of z;(¢) and z(t), results in

1
d(t) = Z(ZIZ; + 2] z2) . (II5)

Hereafter, * denotes complex conjugate. The output signal Q(?) of the postdetection filter

with impulse response A(t) results in

Q) = h(t) @ d(t) , (116)
where ® denotes convolution. Then, the sampled signal ¢ of Q(¢) by clock timing ¢,
recovered by Q(t) itself, is decoded to mark/space by its polarity.

7



IIT ANALYTICAL APPROACH

II1.1 Detection Output for Two-Ray Model

First, we consider a detection output for a two-ray (D- and U-wave) model with a
delay difference 7, whose waves are subjected to Rayleigh fading. By representing each
fading with multiplicative noise s1(t) or sy(t), which includes the phase rotation due to
the delay 7 and is a zero-mean complex gaussian random process, we can express the

received signal z;(t) without extraneous noise as
z1(t) = s1(t)v(t) + so()v(t — 1) . (I111)

Transforming ¢ to € by e=t—mT'—7 and defining y as

1 , (1112)

1 for BPSK-VP
P=Y 2 for QPSK-VP

and a,,(=%1) as the m-th transmitted binary data for the detection axis, from Appendix
A, we can derive the m-th timeslot detected signal d,,,(¢) (Zd(e+mT+7) ; —7<e<T~7)
for slow fading and 0<r<T, separately for the following two regions (Fig.III1).

1) Region:a 0<e<T—17 (will vanish for 7>7T)
1 . .
dn(€) = 5 Han | 51670 4 5,009 |2 (I113)
zy(t) dft) —1 Q1) q
Toput . Postdfztec*uon ' - O}fltputl
Filter Sampler or
2of1) P BPSK-VP
Is QPSK-VP
-y Phase
Shifter
_ | Delay
- T :
Phase
v /®/Shifter ts
1 Postdotect Sampler Qupyt 2
e ,®, ost étectmn L vy for
Filter QPSK-VP

Figure 1I2: Detection process for PSK-VP (block diagram of differential detector).



In this region, the polarity of the detected signal, which is hereafter called the ‘effective

detected signal’, is always correct.

2) Region:b —17<e<0 «(will vanish for 7=0)
dn(e) = Glan | o1 [ 4o 52 )
O + O . . O + O
+oos( LI L Rl sgexp(4(e +7) — gle +T) + ] (1)

where R[] denotes real part.
In this region, the polarity of the detected signal, which is called the ‘ineffective

detected signal’ hereafter, is not always correct.

I11.2 Diversity Model for PSK-VP

The effective detected signal behaves as if the received signal were subjected to frequency-

nonselective fading expressed by the linearly combined multiplicative noise s, e/#(=+7) 1 g, gi¢(s),

(A)
Phase of
D-wave

(B)
Phase of
U-wave

Region a/b cesssfom eannse} eacnash fisuans}

©
Detector A
Output m r\\I *1 7
(Unfiltered) /\/\! K/\l € - § -8y

(D) _ T
Detector T 0 I
Output /f\
(Filtered/

(E)Sampled) \J/\V \{/

Decoded
Data

Figure III1: Detection output for two-ray model.



which varies with e. Namely, different kinds of detected signals are obtained along Re-
gion:a (Fig.III1(C)). Then, a diversity effect is expected, because the different kinds of
detected signals are combined by convolution with the impulse response of the postdetec-
tion filter (Fig.III11(D)). The diversity seems to have a continuous branch.

To analyze the diversity with a continuous branch, first, we divide Region:a into n

pieces which are sufficiently small. On the i-th piece position ;:

=T -1)i—-1)/n p1=1,2,-00,n, (I115)
the effective detected signal d,,; is rewritten as
1 Lo o .
i = di(g) = SHlm | 5,67%1 4 spe7%2 |2 ci=1,2,,n (I118)

by defining :
{ i) = o) (1117)
$2(e) = 4(c)
and abbreviating ¢(e;) to ¢y ({ =1,2 and 1=1,2,-- n).
The equivalent multiplicative noise v;, which represents the frequency-nonselective

fading yielding the same detected signal as d,,; in Eq.(III6), is expressed as the following

Input

Branches S —
erenti
V1V Detector

Vol : —

(&) + - Output

Vo V> . —

Differential
V™™ Detector ||

A%

Y

Input
Branches
» A 11)—’

VoV, Maximal-
s . . » Differential ’
Ratio ™ Detector | Output

(B)

V .1 V= Combiner

V0

Figure III2: Diversity models for PSK-VP.
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linear combination of s; and s2
v; = 818 fgpe?? - 0 =1,23,--,n. (I118)

Consequently, v; is also a zero-mean complex gaussian random process. Then, as shown
in Fig.III2(A), PSK-VP in multipath fading is considered to be equivalent to DPSK with
n-branch postdetection combining diversity whose branches are subjected to the above
frequency-nonselective fadings v;, because the postdetection filter combines the effective
detected signals d,,;. Such a combining method, which is known as square-law combining,
is optimum without knowledge of the instantaneous branch SNR[14].

For further analysis, the following approximations and assumptions will be used.
Approz.1) Approximate the postdetection diversity with the square-law combiner (Fig.II12(A))
to a predetection diversity with the maximal-ratio combiner (Fig.II12(B)).

It is difficult to obtain a formula-type solution for the diversity in Fig.III2(A) because
of correlation between the branches. The diversity in Fig.III2(B), which is optimum
though requiring perfect knowledge of the branches, has a similar BER pérformance at
low error-rates[14] and is easily analyzed.

Assum.1) Bach effective detected signal d,,; is equally combined.
Assum.2) The output SNR of the maximal-ratio combiner is proportional to the normal-
ized interval of Region:a, i.e., 1—7/T.

Combining d,,,; depends on the postdetection filter and the sampling timing. Assump-
tions 1 and 2 imply an integrate-and-dump postdetection filter with correct timing.
Approz.2) Ignore the ineffective detected signal.

We use numerical evaluation to investigate the effect of the ineffective detected signal.

Although BER calculated from the above simplified diversity may include absolute
error, the analysis is still meaningful for obtaining physical views and estimating relative
performance; for example, comparisons between BER performance for various phase-

- waveforms ¢ or changing BER to SNR.

I11.3 Condition for Diversity Effect

According to Assumptions 1 and 2, and by considering that the maximal-ratio combiner
causes the output SNR to equal the sum of input SNRs, we find that each input branch
SNR is proportional to (1—-7/7")/n. Consequently, from Eq.(III8), the complex multi-

11



plicative process «; on each branch normalized to rms noise, is expressed as

1—+/T, . .
e AR C A PRI
Yi = — = & ;i:1a2>3)"'7n7 (IIIQ)
n

VN VN

where N denotes noise power. Then, the average BER. P, of the diversity in Fig.III2(B)

for slow fading is simply expressed as[6][14]

- 1

S — 10
Fe= e+ x) (I1110)

where I denotes an nxn unit matrix and X denotes an nxn covariance matrix of ;.
Furthermore, if the fadings of the D- and U-waves are uncorrelated, through direct cal-

culation, by using matrix X, matrix X is expressed as

T

(1-=)T .
X = ——n—T—X0 , (11111)
whose 1k-element Xp;, 1S
R 1 ., .
Xoik = J{pri—p1) i($2i=dar) ., L =19 ... 11112
0ik l+p€ +l+pe 7 4 y 4y s Ty, ( )

where p (=(]s1]%)/(|s2 |*?)) denotes average DUR (D-wave to U-wave level ratio), T
(=({|s1]*)4(] 52/%))/N) denotes average SNR per bit, and (-) denotes ensemble aver-
age. Note that Eq.(III10) is originally derived for 2-ary DPSK with diversity, however, it
is also (approximately) valid for the Gray-code mapped 4-ary DPSK with diversity when
T is the average SNR per bit (i.e., 4-ary DPSK requires a 3dB better SVR for the same
BER compared with 2-ary DPSK)[15].

From Eq.(II112), second- and third-order minor determinants 7y, rs of matrix X, are

calculated as
p __. s . L
{ ry = T (e73%k41 _ ¢ J‘I’k)(eJ‘I’:+1 — /%)

7‘3_—‘0

(11113)

by defining

O(e,m) = ¢1(e) — dale) = (e +7) — ¢(¢) (I1114)
and abbreviating ®(e;, 7) to @; (i=1,2,-+ *,n). E(juation(IHlB) results in rank X =rank X ;<2
and the n-branch diversity can effectively function as second-order diversity. The order

two is derived from obtaining n branches through the linear combination of two indepen-

dent fadings. The diversity can be regarded as a path diversity.

12



Then, from r27#0 in Eq.(II113), the condition for obtaining the diversity effect is ex-
pressed as

Je,6 € {(6,6) | 0L e<e+é6<T—1}
O(e+6,7) # ®(e,7) : mod 27 . ' (I1115)

The diversity condition is easily satisfled for a certain 7 by introducing discontinuity
or variation into ® by imposing a redundant phase-jump or a phase-variation to phase-
waveform ¢ (cf. Fig.III3). However, the choice of the redundancy must be carefully
examined to determine whether the condition is satisfied for all 7 in 0<r<T (then, the
delay difference upper limit is raised to 1 timeslot), where, from Eq.(III153) itself, the
diversity effect can be obtained. As shown in subsection F, the redundant phase-jump

(stepped phase-waveform) has an adverse effect on raising the upper limit.

I11.4 Major BER Features of PSK-VP Subjected to Two-Ray
Rayleigh Fading

Finally, we obtain BER expression P, as the continuous-branch diversity by considering
the limit of BER P, as the n-branch (discrete) diversity when n—oco (Appendix B and
C), ie,

o 1

Po=Jinfm ey o . (ume)
2T~ 2 (i [ () )+ T - )+ 1
where
F(r) = — /T_Téé@ﬂds L 0<| F(r) <1, (11117)
T—7Jo T -

Equation(III16) provides considerable information about PSK-VP BER characteristics.
First, we investigate the major PSK-VP BER features.
1) For Frequency-Selective Fading (0 <7 < T,0 < p < o0)

The BER is remarkably improved proportional to the square of the SNR T' for high
SNR by the term including I'? in the denominator, where the condition |F(7)|<1 (which
is equivalent to the diversity condition Eq.(IILI15)) is satisfied. ‘

2) For Frequency-Nonselective Fading (1 =0 or p =0 or p = o0)

The term including I'* disappears, because F'(0)=1 (=0 results in ®=0 from Eq.(11114))

or p/(1+p)?=0 (p=0 or co). Consequently, Eq.(III16) becomes

1

Po=—
2(T +1)

(I1118)

13



which is identical to conventional DPSK[15] (The DPSK BER is also obtained from
Fq.(I1116) itself, because ¢=const. also results in ®=0.).
3) QPSK-VP vs. BPSK-VP

The same 7 measured in symbol lengths shows almost the same performance except for
-a slight BER degradation (3dB in SNR). However, as measured in bit lengths, QPSK-VP
is expected to double the delay difference upper limit.

I11.5 1Ideal Boundary and Optimum Condition for Phase-Waveform

By transforming Eq.(III16), we find that

1
P, > .

(11119)

The lower limit shows an ideal boundary of BER improved by the diversity effect. The
ideal boundary implies that the diversity effect can be obtained over 0<7<T'. Namely, by
choosing an appropriate phase-waveform, PSK-VP can raise the delay difference upper
limit by 1 symbol, which is essentially derived from the existence of Region:a.

The condition for equality in Eq.(III19) is

T—r
| F(7) =] 111_ J/ e®=de |= 0, (T1120)
— T J0

and

p=1 (i.e., D- and U-waves have same level) . (I1121)

In particular, Eq.(11120) shows optimum condition for phase-waveform ¢ through ®, where
the maximum diversity improvement can be achieved.

For all 7 in 0<r<T, no function & strictly satisfies the optimum phase-waveform
condition in Eq.(I1120). However, the strictly monotone increasing/decreasing (as to ¢ for
any 7) function ®(e, 7) can asymptotically satisfy the optimum phase-waveform condition
by increasing its range. That is, a convex phase-waveform ¢ can asymptotically satisfy
the optimum phase-waveform condition by increasing its peak, because the choice of a
strictly monotone function for ® is equivalent to the choice of a convex function for ¢ as
follows:

Ve, 5,7 € {(¢,6,7)|0<e<e+b<T ~71,0<7 < T}
O(e+6,7) — O(e, 1)
= {g(r+e+06) —d(r+e)} — {d(c +6) — $(c)}

14
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Figure I1I3: Stepped and Convex (Parabolic) phase-waveforms.

(I1122)

> 0 for strictly monotone increasing
< 0 for strictly monotone decreasing

The above relationship also shows that a convex phase-waveform ¢ guarantees satisfying
the diversity condition in Eq.(III15) for any 7 in 0<r<T.

Of course, excluding a stepped phase-waveform, which adversely affects raising the
delay difference upper limit (subsection F) and tends to corrupt the eye-pattern due
to the existence of the phase discontinuity in the timeslot for bandlimitation, there are
more complicated phase-waveform candidates to satisfy Eq.(II120) asymptotically, for
example, (continuous) phase-waveforms with several peaks. However, a convex phase-
waveform is the most reasonable as follows. If ¢ is a continuous (differentiable or piecewise
differentiable) function, by differentiating Eq.(I11114) as to ¢,

BT) et - (11123)
is obtained. Then, in Eq.(I[123), by considering that ¢'(e+7) and ¢'(¢) designate in-
stantaneous angular frequency deviations from the carrier frequency at e+7 and ¢ in the
timeslot, to obtain spectrum compactness, the smaller 8®/9¢ is, the better. The choice
of strictly monotone increasing/decreasing function for @ (as to ¢), i.e., a convex phase-
waveform ¢ is the best way to minimize |F'(r)| in Eq.(I1120) effectively, while keeping the
differential coefficient /8¢ small.

111.6 Examples for Typical Phase-Waveforms

For example, we will compare BER performance for the typical phase-waveforms,

which are stepped and parabolic (an example of convex) as shown in Fig.III3.
1) Stepped Phase-Waveform

15



This is identical to SPSK[8], and the specific case of k=0.5 is identical to MC-PSK]9].

¢ and & are expressed as

0 (0<e<«T
b(e) = (Ose<eD) peq (III24)
¢m (KT <e<T)
0 (0< T - T< T—
B(e,7) = (Ose<rl—rorsTse<T—r) (III25)
B, (T —7<e<&T)

If r>7=max(sT,T—«T), because ®=¢., is derived for 0<e<T —7, Eq.(III15) is not
satisfied and the diversity improvement is lost. Namely, the delay difference upper limit
is reduced to 7,,(<T. See Fig.IlI4).

2) Parabolic Phase-waveform

¢ and & are expressed as

Ple) = —4- % ce(e—T) (11126)
(e, ) = _8‘;’;75 +(r) . (I1T127)

By calculating Eq.(III17), |F(7)] is expressed as
| F(r) |= ORE (IT128)

At all 7 in 0<7<T, |F(r)| approaches zero and BER asymptotically approaches the ideal
boundary as the phase-shift peak ¢,, is increased, because the numerator of Eq.(I1I28) is
bounded (Fig.III5).

111.7 Extension to L-Ray Model

The analytical approach can be extended to general L-ray model and reasonably-extended
results of the two-ray model are derived for the Z-ray model. That is, also for the Z-ray
model, the optimum phase-waveform condition (Eq.(III20)) is essentially the same, and
a convex phase-waveform 1s considered to be optimum to obtain the maximum BER
improvement. The outline is shown as follows.

First, the received signal z;(t) in Eq.(III1) is rewritten as
L
z21(t) =D sithv(t—7) , (I1129)
=1
where s;(t) denotes multiplicative noise representing the fading of the /-th path and 7

denotes excess delay of the I-th path. Then, redefining 7 as the maximum of 7, and

16



assuming that the minimum of 7 is zero, transforming ¢ to € by e=t—mT'—7, and using
g in Eq.(II12), the m-th timeslot detected signal d,,(¢) in Eq.(III3) for slow fading and
0<7<T in the region of 0<e<T—7 (corresponding to Region:a) is rewritten as

1

L
() = 0, | 3 sttt 2 (I1130)
=1

as shown in Appendix A. In this region, the detected signal polarity is always correct,
i.e., effective, the same as in the case of the two-ray model.

Dividing the effective region into n pieces, on the n-th piece position ¢; (Eq.(II15)),
the effective detected signal d,; in Eq.(I116) is rewritten as

1 Lo
i = dm(g;) = 7Ham | Zsleﬂs“ Posi=1,2,,n (I1131)

=1
by extending the definition Eq.(III7) as
¢(5+T—TI):¢I(E) ; l=172a"'7L7 (HI32)
and abbreviating ¢(e; +7—m7) to ¢ (I=1,2,--+,L and i=1,2,- - -)n). Consequently, because
L
the multiplicative noises v; corresponding to d,,; are rewritten as v; = Zs;ej¢", the

I=1
normalized multiplicative noise ; in Eq.(II19) is rewritten as

L
/1——7‘/T Szequu
/l——T/T v; n
Yi =

p1=1,2,3,--,n. (I1133)

If each fading of the L rays is uncorrelated, matrix X is also expressed by using matrix

X@ (Eq.(III11)), however, its tk-element Xo;x is rewritten as

L
Xoix = Zfze(é“""s“‘) s ,k=1,2,---,n (11134)
=1
by defining
L
61 = ([81 l2>/z<[8k I2> ) 12172""7[1
L k=1 , (I1135)
P = 3 (s|?)/N :
k=1

where ¢; denotes the [-th ray power ratio to total signal power and I' denotes average
SNR..

In this case, because rank X =rankX,<L (cf. Appendix C), the diversity can ef-
fectively function as a maximum of L-th order diversity, which is easily understood by

considering that the diversity is a kind of path diversity with L independent-fading paths.
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The choice of a convex phase-waveform ¢ is also valid for the L-ray model to obtain
the maximum order diversity effect (i.e., rank X =rank X y=L). A convex phase-waveform
¢ is verified to guarantee rankX =rankX,=71 by a reductio ad absurdum as shown in
Appendix D.

Then, if rankX =rank X o=L, as shown in Appendix B, an approximation of BER P,

. 1
P = lim P, ~ (I1I36)

L
TL(L — —=)F [ trdet F
T k=1

is obtained for high SNR I' by using Lx L matrix F' whose of-element F,4 is expressed

as

T—r |
Fos(r) = T /0 eI ®asleim) o s a,8=1,2,-+,L, (11137)

by extending the definition Eq.(III14) as
Cop(e,7) = dp(e) = fale) = d(e+7—7p)—d(e+7—7a) ; o,f=1,2,--+,L. (IlI38)

By the term of I'* in the denominator, the BER. is remarkably improved proportional to
the L-th power of the SNR T'.
As shown in Appendix E, the improved BER in Eq.(III36) has the following lower

limit:
1

P, > aves (III39)

2 ———
251 — =)

The lower limit is the ideal boundary of improved BER for the L-ray Rayleigh fading.
The equality condition in Eq.(II139) is

1 T—1
| Feplr) 12l = [ @0 C7de|=0 s a A8, af=1,2,,0, (U40)
—7Jo
and
Vér = % (i.e., each arriving wave has the same level) . (II41)

The above results are reasonable extensions of the optimum condition for the two-ray
model in Eq.(I1120) and Eq.(III21). In particular, Eq.(III40) is the optimum phase-
waveform condition for the L-ray model, which is essentially the same as the one for the
two-ray model.

Like the two-ray model, a convex phase-waveform is considered optimum also for
the L-ray model. Equation(III40) cannot be strictly satisfied also for the L-ray model.
However, if each ®,4(e, 7) is a strictly monotone increasing/decreasing function as to ¢ for

any 7 in 0<7<T, which effectively minimizes each |F,3(7)| while keeping 8®,5/0¢ small
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(i.e., keeping the instantaneous frequency deviation due to imposed phase-variation in the
timeslot small; cf. Eq.(I1123)), then, Eq.(IT140) is asymptotically satisfied by increasing
its range. Thus, a convex phase-waveform ¢ can asymptotically satisfy the optimum
phase-waveform condition in Eq.(II140) by increasing its peak, because the choice of a

strictly monotone function for each ®,5 is equivalent to the choice of a convex function

for ¢ (cf. Eq.(I1I22)).

IV. NUMERICAL EVALUATION

IV.1 Outline of the Calculation Process

The complex envelope z(t) of the received signal including bandpass noise n(t), which
is a zero-mean complex gaussian random process in the equivalent low-pass system, is

expressed as

Il

z1(¢) ;Sl(t)v(t —7)+n(t) . (IV1)

On the other hand, Eq.(II5) is rewritten as

(uu] — ugu3) (Iv2)

ol

1
d(t) = 1(2123 +212) =

by defining v, and u, as

t) = t t
uz(t) = z(t) — z(t)
Furthermore, by defining h;, u1;, uq;, vector u, and diagonal matrix H as
h,' = h(Z ¢ tA)
u; = u(ts+1-ta) ji=-K,-,0,- 0 K (Iv4)
ug; = ug(ts +1-ta)
u = [u?,—Ka Uz —~KyUL,—K+1, U2 —K 41" " ,Ul,K,Uz,K]t ’ (IVB)
H = diaglhg,—hk,hx-1,—hx-1,"*+,h_x, —h_xg]

where tao denotes a short interval and * denotes transpose, from Eq.(1I6), the sampled
detected signal ¢ is expressed as

K A

q= Q(tS) = Z

i=—K

-1

8

1
(ul,iu’;,i - UZ,iu;,i) = gu*Hu ) (Ive)

where ! denotes conjugate transpose.
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The probability density function p(g) of the sampled signal g, which is expressed as
a quadratic form of zero-mean gaussian variables (Eq.(IV8)), is easily obtained by using
its characteristic function as shown in Appendix G. The results of p(q) (Eq.(G39) in
Appendix G) is expressed by using eigenvalues A; of matrix R"H, where the matrix R

denotes a covariance matrix expressed, by using (u)=0 (zero vector), as
R = ((u—(u))(v~ (u)!) = (uuf) (Iv7)

and its elements are calculated as shown in Appendix F.

Finally, by means of integration, decision error-rate for mark and space is derived as

0 1
Pe(ma.rk) = / p(Q)dq = Z _———/\——
—00 Am <0 H (1 _ j\."_)

oo A : (Iv8)
Pe(spa.ce) = A p(Q)dq = Z ———_—_X_
Am>0 H (1— Xi)

\ n¥Em

Because a single decision error causes a single bit error in the Gray encoded system,
BER is calculated by simply averaging Pe(mark) and Pe(space) for occurrence probabilities

of mark, space, and adjacent symbol patterns interfering with the current timeslot.

IV.2 Conditions for Calculation

As for phase-waveforms, the stepped type in Eq.(II124), the parabolic (convex) type in
Eq.(11126) and ¢=const., which is equivalent to conventional DPSK, are chosen.
As for postdetection filters, the integrate-and-dump (Eq.(IV9)) and the gaussian (Eq.(IV10))

filters are chosen.

T
0 t< —% or t> -77—22:
h(f)rep =14 1 - T, T (Iv9)
nl ' 2 = = 2
27 272 B2
h<t)ga‘ussian = ].—IEBeXP<—-TIlT) ) <W10>

where 7 (symsor) denotes integration interval and B denotes bandwidth.

As for the propagation model, mainly the two-ray Rayleigh fading model with the same
average ray power (p=1) is chosen and additionally the 1-ray (frequency-nonselective) or
3-ray (each ray has the same average power, i.e., & =£;=(3) Rayleigh fading model is used
for comparison. For the numerical evaluation, maximum Doppler frequency fp, which

the analytical approach cannot deal with, is newly added to the propagation parameters.
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IV.3 Results of Calculation

The numerical evaluation results nicely confirm the analytical approach results as
shown in Figures IV1 and IV2 compared with Figures 1114 and III5. In particular, PSK-
VP with a convex phase-waveform is verified as having excellent performance though the
delay difference upper limits are slightly reduced.

The reduction of the delay difference upper limit is due to the fact that the ineffective
detected signal, which is ignored in the analytical approach, tends to be mixed in the
integral interval of the postdetection filter as Region:a is shortened by a long 7. The
reduction can be eased by using a postdetection filter with a shorter response settling
time. The reduction is eased by using integrate-and-dump filters with a shorter 7 or a
gaussian filter, though the BER for short 7 is slightly degraded (Fig.IV3).

The reduction, as shown in Fig.IV4, tends to be accelerated for QPSK-VP, in par-
ticular, when using a long 7 integrate-and-dump postdetection filter. QPSK-VP with a
gaussian postdetection filter performs better.

However, the delay difference upper limit is nearly doubled for QPSK-VP as measured
in bits. Namely, the upper limit for QPSK-VP with a convex phase-waveform using a
gaussian postdetection filter is about 1.7 bits (0.85 symbols, Fig.IV4) in contrast to 0.9
bits for BPSK-VP (Fig.IV3).

As predicted in the analytical approach, BER for PSK-VP on two-ray/three-ray
Rayleigh (frequency-selective) fading is remarkably improved by the diversity effect pro-
portional to the square/cube of the SNR, in contrast to directly proportional to the
SNR for conventional DPSK on Rayleigh (frequency-nonselective) fading (solid lines in
Fig.IV5). As shown in Figures IV4 and I'\\fS, for multipath fading, whose delay differences
are less than the delay difference upper limit, PSK-VP shows much better performance
than conventional DPSK.

Furthermore, PSK-VP maintains its excellent performance even for rapid fading. As
shown in dotted lines in Fig.IV5, the diversity effect can also remarkably decrease the
irreducible error due to random FM[16]. The irreducible error rate is less than 10~* for

quite rapid fading fp7'=0.02.

V. CONCLUSIONS

The analytical approach based on the diversity with a continuous branch has revealed

the major PSK-VP features. The analysis gives us not only physical views such as the
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effective order of diversity or equivalency to a path diversity, but also a formula-type BER
expression which can estimate the major features including the optimum phase-waveform
condition to achieve the best BER, i.e., the ideal boundary for improved BER.

A convex phase-waveform is considered to be optimum, because it approaches the
optimum phase-waveform condition asymptotically as its phase shift peak is increased,
and effectively while keeping the instantaneous frequency deviation in the timeslot small.
PSK-VP with a convex phase-waveform raises the delay difference upper limit to almost
1 symbol.

The numerical evaluation has confirmed the features suggested by the analytical ap-
proach. It has also confirmed that 4-ary PSK-VP (QPSK-VP) can nearly double the
delay difference upper limit as measured in bits, which is about 1.7 bits for convex phase-
waveform. BER of QPSK-VP with a convex phase-waveform is remarkably improved for
multipath fading, whose delay difference is less than the upper limit, as compared with
conventional DPSK.

The numerical evaluation has additionally revealed not only the influence of the se-
lection for the post-detection filter, but also the robust feature for rapid fading. The

irreducible error-rate is less than 10™* even for quite rapid fading fp7'=0.02.
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Appendix A

Derivation of Detection Output for Two- and L-ray Models
Fading is so slow compared with symbol rate that

sst)=s(t—-T)=g 1,2 0or 1,2,-++,L . (A1)
For the two-ray model, Eq.(II11) and Eq.(lM) result in

{ z(t) = 510(t) + s2u(t — 7)

z(t) = st —T)e ¥ +sp(t—7—T)e (A2)

by using Eq.(Al), respectively. On the other hand, in Region:a, from Eq.(II1)-(II3),

v(t) =  ei{¢(e+7)+m)

v(t —T) =  ei{$(e+7)+9m—0m) (A3)
ot—71) - = oI (6(e)+3m)

vt—7-T) = ed(#(e)+Im—0m)

are derived by considering mT<¢t—r<(m+1)T. Then, by using Eq.(II5) additionally,

dn(g) is expressed as
1 . .
dm(e) = 5 cos(0 + 1) | 5167807 4 5,ed?() 2 (A4)
Consequently, by noting that

cos(Bs + ) = it | (45)

oy =

we obtain Eq.(III3). Similarly, in Region:b, by considering (m—1)T'<t—r<mT,

v(t) - = ei(dlet)+Im)

v(t —T) = i@l )+Om—bm)
v(t—T1) = oi(p(e+T)+Pm1)
vt—7-T) = eI (#(e+T) I m—1—Fm—1)

are derived from Eq.(II1)-(II3). Then, by using Eq.(II5) additionally, d,.(¢) is expressed

as

dm(e) = %{cos(@m + 1) | s 12 + co8(Om-1 + ) | 52 ]2} (A8)
+ cos(Mé_e_’"_*l + P)R[s1s5 exp j(p(e +7) — d(e + T) + O +29m_1 e

Consequently, by using Eq.(A5), we obtain Eq.(II14).
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For the L-ray model, Eq.(A2) is rewritten as

L
zi(t) = S s(t— 1)
r .
zo(t) = Zszv t—m—T)e™ ¥
=1

Then, in Region:a, because Eq.(A3) is rewritten as

v(t —7) —  pi($letT—)+Im)

vt -1 —=T) = eI (Ble+T=)+Im~0m) ’

from Eq.(I15), dn(e) is expressed as

1 L ,
dn(e) = 5 cos(fm + ) | > geltlerT=m) |2
=1

Consequently, by using Eq.(A5), we obtain Eq.(II130).

Appendix B

Analytical Approach Error-rate Derivation for Two- and L-ray Rayleigh
Fadings

Because nxn matrices X and X, are Hermitian, their eigenvalues A; and A; (1 =

1,2,-.+,n) are real and have the following relationship:
— T.
Ai:g'_T/—TlAi ;i:1,2,3,"',ﬂ. (B8)
n

For two-ray Rayleigh fading, from rank X =rankX ;<2 non-zero eigenvalues are not
greater than two, i.e., A\g ~ A, = 0 and 33 ~ i, = 0. Then, using Eq.(B8)

det(I+X)=J[(Ae+1) = +1)(Ae+1)

k=1

AR SRt W _TT._(&l +32) +1. (BY)

Consequently, because ;-3 and A A, result in Eq.(C22) (Appendix C), by using Eq.(B9),
Eq.(III10) results in Eq.(II1186).
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The above derivation is extended to the case of L-ray Rayleigh fading as follows. From

rank X =rank X <L, non-zero eigenvalues are not greater than Z, i.e., Apy; ~ A, =0 and
:\L+1 ~ X, = 0. Then, using Eq.(B8),

n L L 1-=)T
det(I + X) = H/\Hl =H,\k+1 H —I—A+1}.
If SNR I is high (I'’>»1) and rankX =rankX q=L, then,
(1~ %)I‘ L | - L
=1 k=1

is obtained, as shown in Appendix C, by using L XL matrix F', whose af-element is Fi.g
in Eq.(C20). Consequently, using Eq.(B10), Eq.(III10) results in Eq.(III36).

Appendix C

Eigenvalues of Matrix Xy for Two- and L-ray Models
First, the derivation is generally done for the L-ray model including the two-ray model
as the specific case (i.e., L=2, =0 and mp=7).

By using matrices X; whose ik-elements X are
X =Wt =1, L, k=12, ,n, (C11)
X, 1s expressed as the following linear combination:
L
X, = ;f,x, ) (C12)
Because rank X ;=1, each X; has only one non-zero eigenvalue, which is n. That is,
Xy =ny, ;1l=1,---,L, (C13)
where each y; is the corresponding eigenvector:
y, = [ef®n, g2 P L. Gdtmlt =1 (C14)

On the other hand, there are relationships:
ayﬁ ZBJ i ¢ak You = Ze]@aﬁkya ) C!,,BZ 1)"'1L ) (015)
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where ®qp(ek, 7) (Eq.(I1I38)) is abbreviated to ®.pgr. Note that Eq.(C13) is included in

Eq.(C15), because Y  e/®xek=n.
k=1
Because X is expressed by the linear combination of X ;s (Eq.(C12)), whose ranks are

one, then, rank X o<L. frank X o=L, each y; is linearly independent and the eigenvectors

corresponding to the non-zero eigenvalues of X can be expressed by linear combination
L

> piy;. Then, by using Eq.(C12) and Eq.(C15), the following relationship:

=1

L L L L L L L n
XDZPI?JI = (Z lel)(ZPlyz) = Z Z €angayﬂ = Z Z(fapﬁ Z eJ‘Daﬁk)y
I=1 I=1 a=1g=1

=1 a=1 =1 k=1
(C16)
is obtained. By comparing the coefficients of 7; on both sides of Eq.(C16), we obtain
L n ] .
&Z(pﬁZeJ@zﬁk):Apl ; 1:1,...’1,) (017)
B=1 k=1

where X denotes the eigenvalue of X . By rewriting Eq.(C17), the following characteristic
equation, whose eigenvalue is 5\,

nZFp = \p (C18)
is obtained, where the Lx L diagonal matrix = and the vector p are defined as
E = diag[¢y, -+, €1l
= [Pl," 'apL]t ’
and the af-elements Fag of the LxL matrix F' are expressed as

1 &
=—Y &% e f=1,L (C19)
k=1

by noting that FM =1.

Furthermore, by considering (T'—7)/n=¢;11—e;=A¢, because

T—1r
lim — Z eI ek — lim Zem"ﬁ"

n— 00 — T Nn—CO
n k=1 T n

1 1 T-r
— ] iCapr . Ag = / 1%ap(em) g
— nEEOEe e=m— | e :
if n—co, then, Eq.(C19) is rewritten as
. N 1 T-7 5
Faﬂ(fr) = lim F,5 = T / ei®apleim) g ca,f=1,---,L. (C20)
n—00 —_ 0
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Finally, by considering that A is an eigenvalue of matrix nE F and using Eq.(III35),

L L
ZAkztr(nE'F) zn25k:n

e ) =y (C21)
1A = det(nEF) =n” I] ér det F

k=1 k=1
are obtained by noting that all diagonal elements of F' are 1.

In particular, for the two-ray model (L=2, =0, and 7,=7), Eq.(C21) is rewritten as

Mt+d = n a
o A p 22
W = gt PO 22
by defining
" 1 T—r D21 (e,7) 1 T-r 1 ®(e,7)
F(r) = Fy(r) = Fip(1)" = T /0 e?® T e = — TA e?®E T de

due to @y (e,7) = O(e,7) from Eq.(I1114) and Eq.(III38). Note that, if rankX =1,
there is a single non-zero eigenvalue, i.e., A\;=trX,=n, then A;=0. On the other hand,
because ro=0 in Eq.(I1113), p=0 or e’®*=const. is obtained. Consequently, Eq.(C22) is
also satisfied for rank X o=1.

Appendix D

Proof for Convex Phase-waveform Ensuring L-th Order Diversity Effect
in L-ray Model

As shown in Appendix C, because X is expressed by the linear combination of X s
(i=1,2,++,L) (Eq.(C12)), whose ranks are one, if each eigenvector y; of X corresponding
to one non-zero eigenvalue is linearly independent, then, rankXy=L. Then, we will
show that each eigenvector is linearly independent for a convex phase-waveform ¢ by the
following reductio ad absurdum.

First, we assume that there is a pair of eigenvectors, y, and y; (a5f) which are not

linearly independent, then,

Y, = aYg (D23)
where a is a complex constant. From Eq.(C14) and Eq.(III32), by considering n—oo, and
by replacing a (Ja|=1) to €%, Eq.(D23) is rewritten as

I(etTa) — g ibleta) — i gié(=+p)
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that is,
ple+1,)=d(e+75)+¢ : mod 2r. (D24)

Because Eq.(D24) is satisfied for any € in 0<e<T'—7, if ¢ is a continuous function (if not,
then, ¢ cannot be a convex function), by subtracting Eq.(D24) from the same equation

where ¢ is rewritten as e+6 (0<6<1, 0<e<T—7-§),

dle+ 1) —dle+ 6+ 1) = d(e + 75) — (e + 6+ 7p) (D25)

is obtained. Equation(D25) is inconsistent with a convex phase-waveform ¢.
Consequently, each eigenvector ¥, (I=1,2,--+,L) corresponding to one non-zero eigen-

value is linearly independent, that is, rank X o=L.

Appendix E

The BER lower limit for the L-ray Rayleigh Fading
By defining vector ¢(e)

¢(€) — [e—j¢'1 (5)’ 8—j¢2(5)’ e ,e-jti’L(E)]t ,

the matrix F' can be also expressed in the style of covariance matrix as follows:
1 T et
FP=g—/] d(e)p(e)lde .
Thus, obviously, the matrix F' is Hermitian positive semi-definite, then, its all eigenvalues
Ak (k=1,2,-++,L) are positive or zero. Consequently, by using the relationship between

arithmetic mean and geometric mean,

that is, the relationship:
O0<det FF <1 (E26)

is obtained. On the other hand, all {; (Eq.(III35)) are also positive or zero, then, by using

the relationship between arithmetic mean and geometric mean,

L
L kZ&c 1
L ' =1 —
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that is, the relationship:
L
1
0< }CII & < 7L (E27)
=1

is obtained. From Eq.(E26) and Eq.(E27), Eq.(I1I39) is obtained as the lower limit of the
right-hand term of Eq.(III36).

The equality condition of Eq.(III39) is derived from equality conditions of Eq.(E26)
and Eq.(E27). Because the equality condition in Eq.(E26) is VAz=1, i.e., matrix F is
diagonal (diagonal elements are 1), then, Eq.(III40) is obtained. On the other hand,
because the equality condition in Eq.(E27) is equality of all £, then Eq.(II141) is obtained.

Appendix F

Calculation of the covariance matrix R

The 2x2 partitioned matrix Ry (1, k=—K, -+, K) of the covariance matrix R is writ-

ten as
R%k _ <U1,£Uf,k> <U1,iU;,k> _ A+B+C+D A-B-C+D (F28)
(ugiulp)  (uzsusp) A-B+C—-D A+B-C-D
from Eq.(IV5), Eq.(IV7) and Eq.(IV3), where
A= (2127)) , B= (2.2 (F29)
¢ = (zl,;z;‘,k) , D= (Zz,ezik,k>

by abbreviating z1(t; + ¢ - ta) and zo(t; + 1 ta) to 2z1; and 2z, respectively.

If there is no correlation between each fading and between the signal and noise, i.e.,

e = ] 0 | itk |
{s:(t1)s5(22)) { ot —ty) i= k=l (F30)
(si(t)o(t —m) - n*(8)) = 0 (F31)
(n(t)n*(t2)) = UZPn(tl — t2) (F32)

by calculating Eq.(I'29) using the above relationships, A, B, C, and D in Eq.(F28) are
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expressed as

¢ L
A= nglpsl(f_—k. tA)eJ'{C(fue)-C(iuk)} + Uipn(g_—k. ta)
=1
L
B = Z Uzzpsl(i L. tA)ej{C(izzi)—C(fzzk)} + Uﬁpn(i — k- ta)

=1 (F33)
L 3
C = Z Ufzpsl(i "k ta T)ej{C(tu;)—C(tm)+¢} + Uipn(i T Fota + T)

I=1

L
D = Zafzpsl(i —ktp— T)ej{C(flzi)—C(tllk)“¢} + Uipn(i — ko tp — T)

\ =1

where
thi = ts+1:ta—T
the = to+kta~m
tiei = to+ita—m—T
tog = to+kta—m—T

, (F34)

and 02/2 and py(t) in Eq.(F30) are the power and the autocorrelation function of the
[-th path, respectively. 02/2 and p,(t) in Eq.(F32) are the power and the autocorrelation
function of the noise, respectively. In this paper, a nondirectional receiving antenna and

constant mobile speed are assumed. Then, py(t) is expressed as [17]

pa(t) = Jo(27 fpt) , (F35)

where fp is maximum Doppler frequency. On the other hand, the predetection bandpass
filter is assumed to be a rectangular filter with bandwidth By (in this paper, ByT=2.0
is used), which is wide enough not to distort the PSK-VP signal, then

pa(t) = sin(rBnt)/(w Byt) . (F36)

Appendix G

Derivation of the probability density function p(q)

To obtain the probability density function p(g), first, we obtain its characteristic func-
tion G(£) defined as

G(¢) = f_ZP(Q)ejE"dq -
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G(¢) can be expressed in Eq.(G37) for a quadratic form of zero-mean gaussian variables

such as Eq.(IV6)[12],

1 1
T det(T-2jER°H)  J(1-2j¢h) (G37)

k

G(¢)

where R denotes covariance matrix of w (Eq.(IVT7)) and A are eigen values of matrix
R'H.
Then, by means of inverse Fourier transformation, i.e.,

1

T o

plo) = 5= [ G, (G33)

p(q) is obtained. Consequently, by calculating Eq.(G38) using the residue theorem, the
probability density function p(g) is expressed as

-
1 e 2m 0
' N, g >
Am>0 2Am Ta- T)
— naim ™
p(g) = . s : (G39)
Am <0 “7m H (1-— A_”)
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Figure IV1: Numerical evaluation results for BPSK-VP with stepped phase-waveforms.
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Figure IV2. Numerical evaluation results for BPSK-VP with parabolic (convex)

phase-waveforms.
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Rayleigh (frequency-nonselective) fading.
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