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Abstract

In recent years there has been a growing interest amongst the speech research
community into the use of spectral estimators which circumvent the traditional
quasi-stationary assumption and provide greater time-frequency(t-f) resolution
than conventional spectral estimators, such as the short time Fourier power spec-
trum (STFPS). One distribution in particular, the Wigner distribution (WD),
has attracted considerable interest. However, experimental studies have indi-
cated that, despite its improved t-f resolution, employing the WD as the front
end of a speech recognition system actually reduces recognition performance;
only by explicitly re-introducing t-f smoothing into the WD are recognition
rates improved. This paper, by making explicit the role of the variance of the
spectral estimator, provides a theoretical explanation for these previous exper-
imental findings.



1 Introduction

Most researchers would agree that the speech signal is best represented for
recognition purposes as a joint function of both time and frequency, or a pa-
rameterisation thereof.

Such a joint representation is both intuitively and biologically plausible. Bi-
ological studies for instance, have revealed that the ear acts essentially as a type
of spectral analyser [10]). Thus by implication the spectral shape of the speech
signal must contain important cues as to its information content. However, a
spectral representation alone results in poor recognition performance, despite
the fact that it may be a complete description of the signal (complete in the
sense that the original acoustic waveform is uniquely recoverable). It is clear
that the temporal ordering of speech events is also important for understanding
the orthographic content of the acoustic waveform. Thus any useful represen-
tation must have both time and frequency dimensions. However, despite its
obvious intuitive appeal, the mathematical description of temporal frequency
variation has proven surprisingly difficult. This difficulty has arisen from the
fact that the properties we would ideally require of such distributions [6] are mu-
tually inconsistent. As a consequence of this fact, numerous t-f descriptions [5)
have been proposed over the years; each satisfying only a non-conflicting subset
of the ideal property set.

One of the first requirements of any t-f spectral estimation task is the selec-
tion of an appropriate estimator. In speech recognition this selection is largely
based on previous empirical experience. One area of spectral analysis which has
achieved impressive empirical results is that of perceptual modelling, i.e. modify-
ing a given estimator to imitate the the way in which we believe that the human
ear works. Yet, while such auditory modelling schemes have undoubtedly led
to improved recognition performance, the question as to why this should be the
case is left unanswered. Simply saying that one spectral estimator is better than
another, because it models the behaviour of the human auditory system is, in
our view, not enough. After all, a hidden Markov model, for example, makes no
attempt to model the human brain, so why should it perform well with a human
auditory style front end? Clearly there is something fundamentally right about
these perceptually based spectral estimators, since they provide improved per-
formance when coupled with almost any type of pattern recognition algorithm.
If we could determine in an objective fashion exactly what they are optimising,
then perhaps we could hope to improve upon them.

In recent years several authors [14] [15] have attempted to improve recog-
nition performance by employing “high resolution” spectral estimators, such as
the Wigner distribution (WD). Their argument being that conventional quasi-
stationary estimators, such as the short time Fourier power spectrum (STFPS),
introduce too much t-f “blurring” into the speech spectrum, thus masking impor-
tant time varying features. However, in many cases, the use of “high resolution”
estimators such as the WD has actually reduced recognition performance; only
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by explicitly reintroducing t-f smoothing into the spectrum have recognition
rates been increased. In this paper we argue that this is due to the higher vari-
ance of the “high resolution” estimators. To demonstrate the effect of variance
on the recognition process we concentrate here on one particular family of t-f
spectral estimators, namely the t-f smoothed WD'’s,

2 The T-F Smoothed Wigner Distribution

The mathematical properties of the WD have already been well documented
elsewhere [1][2], consequently this section contains only a minimal introduc-
tion. The WD of the harmonisable stochastic process S(t) is defined by the
equation [8]

Ws(t,w) = e Rs(t,-‘l')e-jwrd‘r (1)

—00

where Rg(t,7) is the time-varying covariance kernel

Rg(t,7) = E[S(t+ 7/2)S"(t — 7/2)] (2)

and E[] denotes expectation over an ensemble of realisations. In practice en-
semble averages are rarely available. For non-stationary random processes, such
as speech, this necessitates replacing ensemble averages with local time averages.
However, since speech is not a quasi correlation-ergodic process this assumption
introduces a bias into the resulting spectral estimates. These biased spectral
estimates are defined by the equation

+00
Ws(t,w;(ﬁ) = Rs(i,‘r;»g/))e-jWTdT (3)

)
where Rs(t, 7;%) is in turn defined by the equation

. +oo
Rg(t,m;9) = P(n,7)SE+ 1 +7/2)S°(t + n — 7/2)dny (4)
—-00
and (71, 7) is a window function, usually of finite spread and monotonic de-
creasing away from the origin. The window (m, 7) is related to a corresponding
t-f window ¢(t,w) by a 1-D Fourier transform, i.e.

+00 e
o(t,w) = : P(t,)e” I dr. (5)
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For the purposes of this paper we assume that ¢(t,w) is a non-orientated 2D
gaussian window function, i.e.

1 —12 2
#(t,w)= o exp( 50,7 Jexp( 2:;._, )- (6)



This window function is of particular interest, as for an appropriate choice of
o and o, the smoothed WD is identical to the STFPS [13]. Note that the
normalising factor 1/0y0,, is chosen such that ¢(t,w) satisfies the equation

o
//¢(t,w)dwdt =27, (7
-0
This particular normalisation being chosen to ensure the equality
(=] (-]
/jE[Ws(t,w;¢)]dtdw = // Ws(t,w)dtdw. (8)
-0 -0

From Moyal’s formula [1] it can be seen that equation 8 implies that the ex-
pected energy of the smoothed spectral estimates WS (t,w; @) is equal to that
of Wg(t,w).

Two important properties of the window function ¢(¢,w) are its time spread
(AT)? and its frequency spread (AB)?, defined respectively by equations 9 and
10, i.e.

(AT)? = Ei¢ [ oo/ £2|6(t, w)|Pdwdt 9)

(AB)2 = 27137 [ ‘[ w?|g(t, w)|Pdtdu (10)

where E is defined as

B, = / : |6(t, ) Pdtdw. (1)

In the case of the non-orientated 2D gaussian defined in equation 6, the time
and frequency spreads of the smoothing window are directly proportional to o,
and o, respectively. Thus o; and o,, can be regarded as measures of the locality
of the window function in time and frequency respectively.

3 Variance of Ws(t,w; #) as a Function of the T-
F Spread of the Smoothing Window ¢(%,w)

One important, though often ignored, performance measure that can be at-
tributed to the t-f smoothed estimates Wg(t,w;¢), is their variance, defined
as

var(Wg (t,w; 8)] = E[(Ws(t,w; ) — EWs(t,w;4)])?]. (12)

-
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In order to make an analysis of equation 12 mathematically tractable we make
the simplifying assumption that the speech signal S(t) is a white zero mean
complex analytic gaussian process. Obviously in practice this assumption is not
satisfied by real speech. However, as long as the speech spectrum is relatively
flat and smooth, then the analysis will still hold in an approximate sense. Since
we are not attempting to draw any detailed conclusions from the analysis, but
instead just looking for overall trends, we feel that the simplifying assumption
is probably reasonable for this purpose. Given the above assumption then, the
variance of the spectral estimates can be approximated by the equation

var [Ws(t,w;qS)] ~ %52,@) [ / 16t w")? dt'du’ (13)

where Si(w) is the spectral density of the tangential stationary process approx-
imating S(t) at ¢, i.e.

Se(w) = /_ :o E[S(t + 7/2)S(t — 7/2)]e~i*" dr. (14)

Equation 13 is a straightforward generalisation of the discrete time case treated
by Martin and Flandrin [8]. For the sake of completeness a detailed derivation
is given in appendix A.

It is important to note that equation 13 implies that var [Ws(t,w;¢)] is a

monotonic decreasing function of the smoothing window parameters o, and o,
since evaluating the integral on the right hand side of equation 13 gives

var [Ws(t,w;cﬁ): ~ -%r-Sz,(w) //I(}S(t’,tl.:’)l2 dt'dw’

[+
1 . 1 // ~t? —w'® .
2ﬂ_$’ ,(w)(tmym)2 ) J exp ( = exp | =3 dt'dw

1
. 15
2010, ( )

Q

var [Ws(t,w;tﬁ)‘

var [Ws(t,w;qS). ~ S%(w)

In the next section we discuss the conflict between minimising estimator vari-
ance while simultaneously maximising the expected distance between spectral
estimates corresponding to different speech sounds.



4 The Problem of Minimising the Inter-Sound
Variance of Spectral Estimates While Simul-
taneously Maximising their Expected Intra-
Sound Distance

We assume here a simplified model of the word generation process, where each
orthographic word is modelled by a single unique stochastic process, which
produces all acoustic realisations of that word.

Given two different stochastic processes, U(t) and V(t), corresponding to
two different words in the recogniser vocabulary, we wish to choose ¢(t,w) so
as to minimise the probability of recognising estimates Wv(t,w;¢) as having
been generated by the process U(t), and visa versa. In other words, we wish
to choose ¢(t,w) so as to maximise the word recognition rate. A closed form
solution of the recognition rate as a function of ¢(¢,w) is clearly beyond our
grasp. Consequently the following arguments are necessarily intuitive rather
than rigorous.

Viewing the problem from a geometric point of view, each t-f spectral esti-
mate will oceupy a single point in an infinite dimensional Euclidean space. We
would reasonably expect the spectral estimates associated with different words
to produce different, identifiable, perhaps overlapping clusters in this space. An
obvious optimisation criterion would be to choose ¢(t,w) so as to maximise the
spacing between the cluster centroids, while simultaneously minimising their
spread.

Assuming a Euclidean distance measure, then the spacing between cluster
centroids is by definition

(sl Bl = | [ B8 - Bt NPt (10

-0

Equation 16 can be re-expressed in the form (Appendix B)

D(E[Wyl, E[Wy)) = / / |2(e, 7)) Ay (e, 7) = Ay (e, 7)Pdedr  (17)

where Ayy(e,7) is the Ambiguity Function of U(t) (equation 49), and (e, )
is obtained from ¢(¢,w) via a 2D Fourier transform (equation 52). A detailed
description of the Ambiguity function, widely used in radar signal processing, is
given in [12]. Importantly appendix B shows that if ¢(¢,w) is an appropriately
normalised (i.e. satisfies equation 7), real separable 2D gaussian, then |®(e, 7)|?
must satisfy the inequality

. -
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(e, P <1 Ve, (18)

Furthermore, |®(¢, 7)|? is a monotonic everywhere (apart from € = 7 = 0) de-
creasing function of the t-f spread of ¢(¢,w). Thus D(E[Wyj], E[W+/]) must
also be a monotonic decreasing function of the t-f spread of the smoothing win-
dow ¢(t,w). Hence to increase the distance between cluster centroids we must
reduce the spread of the smoothing window. However, this conflicts with the
requirement of minimising the variance of the different individual clusters, since
equation 13 shows that var[WS (t,w; )] is a decreasing function of the smoothing
window spread. Hence the best that we can hope for is to select a compromise
value of window spread which minimises some combination of cluster centroid
separation and variance. For example, one mathematically convenient optimisa-
tion criterion is to minimise the expected sum of the variance and squared bias,
which is equivalent to minimising the mean squared error of the estimates [11].
For an adaptive approach to this mean squared error minimisation problem see
for example [4] [11]. The mean squared error optimisation criterion of course
assumes that we have no a priori information about the class to which a par-
ticular speech spectrum belongs. If such information is available then it makes
more sense to smooth the spectra so as to maximise some discriminant func-
tion, rather than minimise residual error. However, such a discussion is beyond
the scope of this paper, which seeks only to make explicit the role of estimator
variance in the speech recognition process, thus clarifying the reasons for the
failure of “high resolution” estimators, such as the WD.

5 Summary

The aim of this paper has been to explain, from a theoretical point of view,
the reason why the use of “high resolution” estimators, such as the WD, has
not led to improved speech recognition performance. We have argued that the
reason for the poor performance of the WD is the relatively high variance of
the resulting spectral estimates. Thus although quasi-stationary estimators, as
as the STFPS, produce “blurring” of the spectral features, this is more than
compensated for by the reduced variance of these resulting “blurred” spectra.
Hence, while the cross terms of the WD [11] are a major disadvantage from the
point of view of visual interpretation, the high estimator variance is the main
problem from an automatic speech recognition point of view.



6 Appendix A - The Covariance of the T-F
Smoothed Wigner Distribution - A Deriva-
tion

This appendix derives the following approximate relationship for the variance
of the t-f smoothed WD Wg(t,w;9), i.e.

var |Wg(t,w; ) ~ oS, @)I? / / lé(t', ") d' . (19)
[ ] 27 &

when S(2) is a white zero mean complez analytic gaussian process.

The proof of the above equation is a straightforward extension of the discrete
time proof given by Martin and Flandrin (7). The derivation of equation 19 is
as follows; for notational simplicity the shorthand notation Wg(ty,w;;¢) = Wi

and Ws(tg,wl; @) = W, is used. Beginning with the expression for cov [W;, Wa]
gives

cov [Wy, Wy] = E[(W) — E [W1])(W2 — E [W2))"]. (20)
Substituting for W} and W, in eqn. 20 using the definition given in eqn. 3, i.e.

w, ¥ //1/)(1‘1. 7)S(t + 1 + 7/2)S*(t + 1y — 7/2)e” T drdm (21)

gives

[= 2]
cov [W), Wy] = ////1#(7’3,1‘1)1[)'(1'4,rz)e'j(“’"“"”"’)cov [st*,uv*}dn dr2 dr3d7y
-00

(22)
where
s = S(t1+7'3+1'1/2) t=S(tl+T3—Tl/2)
u = S(ta+ 74+ 712/2) v=S(ta + 14 — 72/2)
(23)
Using the relationship (originally formulated by Isserlis [3])
cov(st®,uv"] = E[st"u"v] — E [st"] E [u"v] (24)

then if s,¢,u,v are real joint Gaussian variates with zero averages

— =y



cov [st*, uv*] = E[su*] E [t"v] + E [sv] E [t*u"]. (25)

This result is easily derived from the characteristic function [9]. If however
s,t,u,v are complex analytic zero mean gaussian variates it is straightforward
to show that eqn. 25 reduces to

cov [st*,uv"] = E[su"] E[t*v]. (26)

This is because E[wz] = 0 where wz are zero mean analytic gaussian vari-
ables [9). Thus for complex analytic zero mean gaussian variables cov [W;, Ws]
is simply

cov (W, Wo] = A (27

where

[>2]
A= ////“f’(fs, 7)Y (14, T2)e "I TImWi ) B [5y*) B [t70] dy dy dTs dry
N (28)
To evaluate A expand E [su*] E [t*v]

E[suE[t"v] = E[S(t1+ 13+ 71/2)S"(12 + 74 + 12/2)]
E[S*(t1 + 13— 11/2)S(t2 + 74 — 12/2)] (29)

and temporarily substitute for m;, 72, 73, 74 using

= a+b ™=a-b (30)
t'= (c+d)/2 1" = (c—d)/2

where

a =ti—ta+m—Ta b =(n-m)/2
c =t +la+m3+ 74 d =(T1+T2)/2. (31)

Equation 29 can now be written in the form
E[su"|E[t"v) = E[S(t' + 7/2)S"(t' — 7' /2)] E* [S(¥"" + 7"/2)S" (1" — 7" /2)].

(32)

Making the quasi-stationary assumption



E[S(t, + 7/2)S*(t, — 7/2)) E[S@® +7/2)S*(t' — 7/2)]

~ E[S@"+71/2)S*(" - 7/2)] (33)

where t, = (1) +12)/2 gives

E[su*]E[t'v] = E[S(t, +7/2)S"(t, — 7'/2)]
E*[S(t, + 7" /2)S* (1, — 7"/2)]. (34)
Expressing the quasi-stationary covariance E [(S(2, + 7/2)S*(t, — 7/2)] in terms

of the Fourier transform of the stationary process Sq,(t), tangential to S(t) in
t,, ..

E[(S(to +7/2)S"(t, — 7/2)] = 51; / ” S:, (R dQ (35)
gives
E[su*)E[t*v] = 4;2 / / S, ()5, (Q2)ef M- 40, dQ,. (36)

Substituting for E [su*] E [t*v] in eqn. 28 using eqn. 36, rearranging factors and
expanding 7/, 7’ using equations 31 and 31

=]

(=2}
A 4% / / { / / (73, m)e T (= Memin(ea—lhtali2) gy d'ra}
-00

—00

=

(o]
-0

Sto(Ql)St,(Q2)e_j(n’—nz)(‘l_‘z) dQ, dQs
(37)
Defining ®(Q,,) to be 2D Fourier transform of ¥(7,, 7),i.e.

B(Qq4,%) =4 //1[)(1',,,Tb)e‘jn‘r“e"jn°'°dradrb (38)

-—00

then substituting for the braced integrals in eqn. 37 using eqn. 38 and performing
the co-ordinate transformation:- Q' = (Q2 — £,)/2,Q" = (21 + Q2)/2. The
modulus of the Jacobian is 2 and hence d2, d22 — 2dQ’ dQ" giving

10
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o0
1 // - ’ . nl
An — B2, w1 — Q")eIFVh L LB (20, wp — Q) iU
2x2 7 J { ’ }{ ! }
S, (" - Q)5 (9" + Q') dQ’ dQ". (39)
Defining ®(R2,w) as a 1D Fourier transform of ¢(z,w),i.e.

3(Q,w) def /¢(t,w)e'jn‘dt (40)

then eqn. 39 can be re-written as

(==}
anss [[]] su@-arsi@ s aperimie-
Y3 °
- St — t1,w1 — Q)G (1" — ta,wg — Q") Y dQ" dt'dt".
(41)

Since S(t) is a white noise process, S;,(w) is flat and eqn. 41 is equivalent to

(=~]
~ 1 /// 7y 12 /00 —j2q (' =1") .
Am o /. 1S:.(Q")| e dQ

¢(t' —1,w; — Q")QS‘ (t” —ia,wo — Q”) dQ" di'dt".
(42)

Noting that [ e=72%("~*") dQ’ is equal to w§(¢’ —¢”) then eqn. 42 reduces to

o0
am i [ [ 15 @0 - 01— 207 (¢ — 0~ a1
-

Using exactly the same set of arguments it can be shown that

o
B % //IS,,(Q")Pd;(t' —t,w; — Q)¢ (' —t2,w2 + Q")dQ"dt!.  (44)
" oo

Hence, when the random process S(2) is a white zero mean complez analytic
gaussian process, the covariance of its smoothed WD is approximately equal to

11



cov [WS (t1,ws; d’)WS (t2,w2; ¢)] ~

0
% / / |52, ()P ot — t1,w1 — Q)" (' — 12, w2 — Q") dQ" dt. (45)
o .

Letting ¢, and ¢; equal ¢, and w; and w, equal w, we obtain the following
approximate relationship for the variance of the WD, i.e.

var [WS (t, w; dz)] =

o0
% / / 1S:(Q")P(t — t,w — Q)$* (¢ — t,w — Q") dQ" dt!.  (46)

Finally, using the fact the S;,(w) is flat in frequency, then we obtain the desired
result

o0

var [Ws(t,w;gﬁ)] ~ %[S,(MP // Id’(t'v“”)lz dw' dt'. (47)

-—0Q0

12
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7 Appendix B - Changes in D(E[Wy], E[Wv]) as
a function of the t-f spread of ¢(¢,w)

This appendix shows that if ¢(¢,w) is a real separable gaussian window, which
satisfies the normalisation criterion of equation 7, then D(E[WU], E[W~/]) must
be a monotonic decreasing function of the t-f spread of ¢(t,w), irrespective of
the choice U(t) and V(2).

Beginning with the definition of D(E[Wyj], E[Wx/]) given in equation 16,
i.e.

D(E[Wy), ElWy]) = / / |E[Wy(t,w; 6)] — E(Wy (t,w; )] Pdtdw  (48)

—00

we re-formulate this equation in the Ambiguity plane. The Ambiguity function
(AF), widely used in radar signal processing {12}, is defined by the equation

Ag(e,7) = F(Wg(t,w)) (49)
where -
F(Wg(t,w)) = 51; / / Wg(t,w)e (=4 dtdu. (50)
Similarly
Ale, ;@) = F(W(t,w;4)) (51)
where
B(e, 7) = F(4(t,w))- (52)

Making use of Parseval’s relationship, and the equality

Ag(e,7)®(e,7) = Ag(e, 7; @) (53)

equation 48 can be re-expressed in the form

D(E[Wy), E[Wy]) = / / |B(e, T)P|Ay (e, 7) — Ay (e, 7)[*dedr.  (54)

bl >

If ¢(1,w) is a real separable 2D gaussian smoothing window, defined by the
equation

$(t,) = ——exp(=n)exp(=2) (55)
! 010y 20,2 20,27

13



which can be shown to satisfy the required normalisation of equation 7, then it
is straightforward to derive that

—e2g,2 —72g,2
S Jexp(— ). (56)

Thus ®(e, 7) will also be a real separable 2D gaussian which satisfys the inequal-
ities

®(e, 7) = exp(

®(0,0)=1 and B(e,7)<1 Ve, (57)

Furthermore, since |®(¢, 7)|> must also be less or equal to 1 for all ¢, 7, then
equation 54 implies the following inequality, i.e.

D(E[Wyl, E[Wy]) < D(Wyg, Wy). (58)

Or in other words, the distance between the expected values of the smoothed
spectral estimates must be less than the distance between the unsmoothed esti-
mates. Furthermore, |®(¢, 7)|? is a monotonic decreasing function of o; and gy,
for all ¢,7. Hence D(E[Wyj], E[W/]) must be monotonic decreasing function
of window spread, and our original claim is proven.

14
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