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FIGURE 1. Model overview. One of the two vocal folds is modeled, assuming
complete asymmetry. The attachment of the arytenoids is modeled as a small
volume 1n which a force distribution (force per volume) that balances with an
externally applied force. The backplane, the upper and lower plane, and the
plane of attachment to the thyroid cartilage are fized. Deformation is achieved
by applying a force that acts in the direction of the y axzis, resulting in a force
distribution as indicated by the arrow field. The air flow-is in the direction of
the z axis. The air pressure field enters as a traction force parallel to the surface
normal.

1. Introduction

This report attempts to cover the mathematical and continuum mechanical framework for
the development of a 3-dimensional vocal fold model with air flow simulation and interaction
between flow and vocal fold movement. Some implementation details are also given, -as far
as they could be worked out. The computational part of the model is not yet implemented.
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FIGURE 2. The left side shows a view of the vocal folds from above. The anterior
direction is up. The arytenoids are capable of sliding and rocking movements
on the cricoid and may, by the actions of various muscles, abduct and adduct
the wocal folds. The right side shows a suggested effect of various degrees of
compression of the arytenoids. If loosely compressed, (see left and middle) the
part of the vocal folds that may oscillate is longer than in the case of complete
adduction and locking of the arytenoids towards each other.

This model, as most current vocal fold models, is restricted to certain aspects of the larygeal
sound production and articulation. From a physiological standpoint, the emphasis is on the
articulatory function of the arytenoids. The arytenoids are the anterior attachment of the
vocalis muscles and the articulation of the arytenoids substantially influences the oscillatory
behavior of the vocal folds. One of the purposes of this modeling effort is to quantitatively
investigate the effects of locking or releasing the arytenoids on the movements and oscillation
of the vocal folds. The first part reports on the continuum mechanics of the vocal fold model.
Much of the methods worked out there can be applied to other tissue deformation modeling.
The second part concentrates on the air flow modeling.

2. Description of the vocal fold model

After presenting a simple vocal fold model that includes the action of the arytenoids in a sim-
plifying manner, the continuum mechanical treatement of the moving vocal fold is described.
A basic overview of the model is shown in Fig. 1. In this model it is assumed that the vocal
folds are symmetric and so only one of the two folds is contained in the model (the left one).
Shown on the right is the attachment to the thyroid represented as a plane, and to the left a
region in the vocal fold at which the arytenoids are attached. The action of the arytenoids is
represented in a stylized manner by assuming a force field that is active in a portion of the
vocal folds. The strength and (uniform) direction of this field is specified externally, and will
- later provide a way to combine the model with articulatory models whose scope is the entire
‘larynx, see [7], or the whole vocal tract, see Dang and Honda [5]. The air flow between the
vocal folds is assumed to be symmetric in spite of the problematics of this assumption, see
discussion in the section on fluid mechanics.
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The anatomy and biomechanical function is well presented in the literature, and in particular
in the well illustrated book by Fink and Demarest [9]. The adduction and abduction of
the vocal folds for phonation is mainly achieved by actions of the arytenoids using both a
sliding and rocking movement of the arytenoids on the ridge of the crycoid cartilage. It is
hypothesised that the effective length of the vocal folds is shortend if the two arytenoids are
pressed together (see Fig. 2). This assumes that in a more relaxed configuration, the position
of the arytenoids is not precisely fixed so they can undergo small oscillations. Further, the
arytenoids are elastic bodies and therefore, the vocal processes to which the vocalis muscles
are attached may participate in the oscillations of the vocal folds, while the main mass of
the arytenoid is essentially resting. If the arytenoids are compressed completely and locked
together (Fig. 2 on the right), the tissue around the arytenoids is prevented from oscillating.
This amounts to effectively shortening the vocal folds. One goal of this modeling effort is to
investigate the effects of the arytenoid articulation on the vocal folds’ oscillatory patterns in a
quantitative way.

3. Mathematical formulation of the model

For modeling the movements of the vocal folds it is convenient to assume a material coordinate
system (Lagrangian description) that moves with the deformation and movements of the vocal
folds. The body is described in terms of material coordinates, that is, each particle p is
uniquely identified by a tuple ({,v,{) . The particular choice of material coordinate system
for the model is illustrated in Fig. 1 by a curvilinear coordinate system (See Appendix B). In
the numerical implementation, this coordinate system will be established by using higher order
polynomials as functions of &, v, {. The general equations of motion of a deforming continuum,
written in material coordinates, apply to this case:

(3.1) divie)+ f—pv=0

o is the symmetric (Cauchy-) stress tensor, f are distributed body forces (N/m?), p is the
density of the material, v the velocity, and v = a the acceleration, both represented as material
fields, that is, functions of the particle coordinates p and of time. The equations of motion
above are only general and will be made specific further below. In particular, the relation
between the deformation process and the stress tensor needs to be formally defined. In addition,
initial conditions and (essential and natural) boundary conditions have to be specified. For
the initial conditions, it may be assumed that the model is at rest at the time zero and has
a certain configuration that will be refered to as its reference configuration, which will be
represented by the symbol §25. The motion, that is the solution of the equations of motion, is
a time dependent mapping ¢ from the reference configuration to the current configuration. In
this model, the reference configuration may be some almost adducted state of the vocal folds.
The essential boundary conditions are indicated in Fig. 1. Some of the surfaces are fixed, which
is partially explained from the anatomy and partially from simple limitations of the domain
of the model. The vocal folds are attached to the thyroid cartilage, which will be considered
rigid and at rest. The other end of the vocal fold near the arytenoids is a free boundary but
there is an imprinted force from the arytenoids, as explained further below. The back surface
of the model and the upper and lower surfaces, as indicated in the figure are also assumed to
be rigid and at rest. The currently proposed configuration and limitation of the model may
change if it becomes necessary to extend the scope of the modeling. For example, the tissue
around and between the arytenoids (to the left in the figure) is in reality a secondary opening
of the vocal folds, sometimes called the glottal chink.
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To avoid the complex computational problem of collision of the two vocal folds, the simpler
problem will be considered first, namely that the two folds are moving in a symmetric way.
In this case the collision problem is simplified to one in which the surface of the vocal fold
model is constrained to move in one half-space. The collision modeling is reduced to a collision
of a soft body with a rigid plane. In spite of this simplification, the more complicated prob-
lem of asymmetric collision can be addressed with the same formal method but is probably
considerably more complicated in its practical implementation.

The movement of the vocal fold model is directly coupled with the dynamic behavior of
the air flow between the vocal folds. The air flow simulation will be covered in the second
part, starting with section 8. In general, the action of the air flow onto the vocal fold can
be expressed as a rapidly varying non-uniform surface pressure. This pressure field enters the
dynamic system vocal fold as part of the natural boundary conditions for the equations of
motion.

4. Specification of the equations of motion

The principle of virtual work (actually virtual power, if v is indeed understood as a velocity
field) is employed to transform the equations of motion into a weak form that later becomes
the starting point for a spatial discretization.

Let 0v be an arbitrary velocity field that fulfilles the essential boundary conditions of the
model, that is, it disappears where the model’s movements are prescribed. The equation of
- motion is rewritten as a residual term that is supposed to be zero:

(4.1) v r=pv—f—div(o)=0

In what is known as weak formulation, it can be shown that the above is equ1valent to de-
manding that, for any field dv,

- (4.2) Sw=r-v=0

The weak statement then is that for any field dv the integral over the body £; in its current
configuration {2; must disappear:

(4.3) oW = r-dvde;, =0
Q4
To outline in brevity the solution method, all fields are approximated by suitable linear
superposition of a set of interpolation functions, so that the displacements, the velocities, and
the virtual velocities can be represented as a sum of weighted functions, for example for the

velocity field:
v = Z Nyvg

where the weight coeflicients v, are three-dimensional vectors. In the finite element method
they are the node velocities'.

The method proceeds by reformulating the virtual work equation with the approximated field
variables and generating contributions to the virtual work equations. In the following terms
of the virtual power integral will be investigated individually.

1Only in using the finite element method, the notation of nodal forces, nodal velocities and other nodal
parameters, has a direct intuitive meaning as the properties of a body appear to be lumped to individual points
that are connected in a mesh and have location, velocity, mass, force and other properties. Even though the
concept of coefficients is more general and also covers the case of spectral coefficients, it is useful to always
think in terms of nodal forces, displacements and velocities.
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4.1. Inertia and mass matrix.

The kinetic energy rate term in the virtual work integral associated with the acceleration is:

W, = pv - OV =
Q
A representation by weight functions 6v =, Nadv, and v = >, Np¥,, results in a contribu-
tions

(4.4) oW = [ (30 M) - (3 Nodva) = 3 / PNy NIV, - 6V,

ab Qt

This can be written in components:

ZZ / pr Vbz(svaz - ab‘."biévai

(Summation over multiple indices is implied.) Since the v, are arbitrary, the lumping of
inertia effects is manifest as forces

(4.5) FEn - ZMab"’b
b

The symmetric mass matrix M transforms accelerations into inertial forces (which act on the
nodes, if a finite element implementation is used).

Remark: It should be pointed out that the mass matrix actually changes over time. This can
be seen when it is computed once over the reference configuration and then over the current
configuration. The actual integration is always executed over the domain de, of material
coordinates that parameterizes the volume of the body, no matter if it is in its reference or
in its current configuration. When evaluating the integral over the reference configuration
Qg, the Jacobian Jj of the mapping between dn,, and {2y must be used to weight the volume
element of the configuration day: doo = Jydedvd¢. Since €2y does not change, could we just
compute the mass matrix once by integrating over (2,7 Strictly speaking that is not allowed,
since the definition of the mass matrix requires integration over €2;, as shown above. However,
in this context we are dealing with almost incompressible tissue with approximately constant
density. So, if we stretch the truth a little and assume that we are able to strictly enforce the
condition of incompressibility (including in the numerical implementation) then the simulated
movement of the body will be isochoric and the Jacobian J of the mapping from €y to Q; will
be always 1 everywhere. Under this assumption, the mass matrix computed over the current
configuration volume is equal to the one computed over the reference. So it is for convenience
to assume that this approximation is valid:

(46) Mab :Mgb =P Na(p)Nb(p)dQO = p/dﬂ Na(f:UyC)Nb(§7’U7C)JO(favag)ddedC

Qo
This way, since M is computed only when the reference configuration changes, the computation
has to occure only once, and a linearization is not necessary.

2. Action of the arytenoids modeled as a body force term .

Forces such as Coriolis and gravity are contained in the following component of the virtual
work:
6Wf = f - 6V dﬂt

O
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f is a force density in units of Newton per m3 or dyne/cm® and may vary over the volume. It
may or may not depend on the movement.

It will be assumed that Coriolis and gravitational forces can be neglected, but in this model
there is another use of the body force term f. It will be used to introduce the forces by which
the arytenoid acts on the vocal folds. This is admittedly a kluge. More physically correct - but
probably more computational intense - modeling would represent the arytenoid as an elastic
structure whose movements are modeled as a dynamic system which interfaces with the vocal
folds’ dynamic system. It can be expected that adding a rigid structure that interfaces with
the vocal fold (and thus prescribes the movement of the nodes on the interface) would result
in a stiffer behavior of the tissue in the vicinity of the arytenoid. However, since we would
like to describe the movements of the vocal fold with sufficiently low order polynomials, this
reduction of flexibility might result in too much artificial stiffening.

The proposed “non-physical” modeling is illustrated in Fig 1. as small partial volume, corre-
sponding to the material coordinates in the brick formed by the intervals, A = [&, &] % [0, vg] X
[¢1, o). In this region, the body forces are defined that represent the action of the arytenoids.

One has to make a reasonable assumption about the distribution of this force field. In any
case, we need to be able to compute with ease a total force that balances the force field, since
this total force will be an externally controlled parameter. The simplest assumption, that
the force field is uniform throughout the region, seems a bit unrealistic since the tip of the
vocalis process certainly exerts a much smaller force in x direction than the point at which
the arytenoid enters the vocal fold. Another possible assumption is to specify a torque at an
(artificially introduced) pivot of the arytenoid and to compute the resulting force density. This
appears to add too much complexity while being still inaccurate, since the movements of the
arytenoids can be both sliding and rocking movements.

A short consideration about the force density distribution: Consider a pivot point o outside
the vocal fold element. The pivot axis may for simplicity be parallel to the z-axis, so things are
planar. Let s denote the distance from the pivot to a point z in the vocal fold projected onto
the xy-plane. If the force is acting perpendicular to the connecting line z to o, the torque is
T = f(z)s(x). If the transmitting element behaves like a flexible beam the force itself depends:
on the distance s in a monotonically falling manner. In particular, if we are dealing with a
uniform beam, we would get f proportional to 1/s®. Since the arytenoid is thinner at the vocal
process end than near the entrance point, this extreme seems as unlikely as the assumption of
a constant force. An intermediate assumption could be using f ~ 1/s.

So in the most primitive representation of the arytenoids, it will be assumed that the force
field is unidirectional and can be described by a scalar weighting function w times a vector
faryt that is controlled from outside:

f(x) = W(X)faryt

The externally controlled parameter will be denoted Tyryt. It is a vector parallel to faryt. To
specify faryt we need to compute:

Taryt = f(:E)th = faryt[) W(X)dﬂt
Q .
and thus
faryt = Taryt/ /Q wi(x)de

Since this would result in the necessity to recompute Jaryt every time the system changes (since
do; = JyJdedude, and J, the Jacobian, changes with the deformation), it is advantageous to
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define the force field either on the reference system (with deo = Jypdedude) and most simply
directly in material coordinates. This would result in:

Jaryt = Taryt/ . w(p)deo
o}

It is now necessary to compute the virtual work contribution of these forces. This will allow
the force field to be lumped to the nodes by projecting it on the shape functions of each node.
The expression for the virtual work field,

S

gives rise to an internal force associated with node a of
(4.7) Fis = [ FNx)dn = faryt | w0Na(x)dn,
Qt Q1.‘

Obviously, the computation of the resulting node forces depends on the current configuration,
no matter how fyryt is specified. To simplify the computation it could be assumed that the

movement is isochoric, which means that J = 1 everywhere. In this case, the components

;b ody can be precomputed as follows:

Jo, w(P)No(p)dao
Ja, w(p)dao

These integral values can be precomputed once the reference configuration is specified.

(4.8) F™ = Tyro

4.3. Stress field.
The stress field gives rise to a virtual work contribution (stress power):
SWs = / div (o) - dvda:
Q

Using the identity,
div (o) - 6v = div(gdv) — o : V (§v)

and Gauss’ integration theorem, it can be shown that it is (n representing the surface normal):

W = / n- (o)ovdA; — / oV (6v)da.
aﬂt Qt

:/ (on) - 6vdA, — / oV (6v)da.

90 Q

According to Cauchy’s theorem of the existence of stress ( see Gurtin, page 101ff), the stress
field at the surface must be balanced with a surface traction that acts on the surface. It is
obtained, on the surface: on = t. Further, since o is symmetrical, V (6v) can be replaced
by its symmetric part 6D = 2(V (6v) + V (6v)T) (see DEF. 5 and Lemma 1). The above can
then be rewritten as:

BQt Qt
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The surface traction will be discussed in the next subsection. Here will be dealt with the other
term:

Wa = / o:0Ddo,
Q

Obviously, it is necessary to compute the stress o as a function of the kinematic variables and
other parameters to make the model complete.

In general, the stress tensor o depends on both the deformation and the rate of deformation
tensors. In this model, it will be assumed that the dependency can be decomposed into a
purely hyper-elastic term and a viscous term. The hyper-elastic term will be discussed first.
For a good presentation of most of these issues, see the book [3].

Considering Lemma 1 (see Appendix C), the definition of hyperelastic materials is facilitated
by introducing the second Piola stress tensor which is a push-back version of the Cauchy stress
tensor. The relation between the two is by the Piola-transformation:

(4.10) : o=J'FSFT | S=JF‘'eF 7T

For the description of hyperelastic materials, the 2nd Piola tensor can be obtained as the total
differential of an energy density function which is a function of the Cauchy deformation tensor:
U(C):

o (C) oV (C)

v oC ’ 0C;;

As shown in Appendix C, for the case of incompressible materials a requirement emerges that
the 2nd Piola stress must be modified, in that it now depends on a pressure field that is not
a function of the Cauchy tensor C. This is also true for the case that the 2nd Piola tensor
contains other terms that are unrelated to the Cauchy tensor. In the present case there is an
additional term that results from viscous shear damping, and is therefore some function L of
the velocity gradient D, or its material push back, the rate of the Euler tensor: E = FTDF.
So the 2nd Piola tensor becomes:

S=2

Sy =2

¥ (C)
oC
For an incompressible tissue the stress-strain relations usually assume that the tissue deformes
isochorically. In fact, if the stress strain relations were obtained in experiments, the empirically
found relations are only valid if the movements are isochoric, since incompressible tissue can
only deform isochorically. In a numerical implementation, it is usually not possible to realize
exactly ischoric movements. One way to get around the resulting problems is to use a modified

Cauchy tensor that has always a determinante of 1, namely

S=2

+ LIE) +~JC?

C=J3C
and rewrite the strain energy density function ¥(C) by ¥(C) := ¥(C). A modified 2nd Piola
tensor can be formulated by writing:

ovC oC . 0C — ovC
=2—— = S— with = 2—
*=¥e a0 ~ a0 MM 5= T
S is then obtained via the following operation (see Appendix for a derivation):
— 1 -
(4.11) S=J% <5 -3(8:0) c—1>

It can be seen (see appendix) that the modified elasticity potential ¥(C) results in a stress
field in which the pressure term disappears.
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4.3.1. Viscous term. The viscous stress contribution will be assumed to be simply:
o, =2uD

Since a pressure term is undesirable in this equation, it must be removed and only the deviatoric
part used:

1 2
DEV(e,) = o, - 5tro,] = 2D - Eﬂ-div ()1

This is done anticipating that the dynamic constraint of isochoric movement, div (v) = 0, can
not be enforced strictly when using a discrete approximation.

4.3.2. Discretization. The discretization of the stress terms is achieved by again making
use of the discretization of the virtual velocity field 6v and its spatial gradient (see A.9). Using
Vév=7>3"_6ve® VNN,

(4.12) / o Vivda, =Y ( / aVNadm) 5V,
Qt Qt

a

is obtained. Therefore, the resulting node force is:

(4.13) Fo = / oV N,da,
O

4.4. Surface traction.

The surface traction in this model is due to the external pressure field which varies over the
surface of the vocal fold. As such it is a function of the current location of a point on the
surface and its direction is always in the negative surface normal. So if p(x) is the pressure
then a contribution to the virtual work is obtained:

oW, = / t-ovda; = / p(x)n(x) - dvdA,
o0 o

In considering the variation of node a only, the lumped force is obtained:
(4.14) psurf _ / p(x)n(x) N, (x) dA,; .
3%

Practical note: The computation of this surface integral is usually achieved by numerical
means. First a parametric description of the surface is needed. For that two variables that
parameterize the surface, o and § are used. The shape functions are restriced to the surface
so that formally functions N,(«, 3) are obtained?. The surface normal is

X . 9X

n(x) = n(x(@, 8) = x—a
Ao ap

and the surface area is:

ox Ox
—X_

oo 00

So the normalization term for the surface normal drops out:

ox Ox

2The same symbol NV, is used for both the surface shape functions and the three-parameter shape functions
for the interior of the region. Since the three-parameter shape functions are usually outer products of one-
parametric functions, one of the three variables may be simply set to a fixed value to achieve the surface
parametrization.

dA, = dadp
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FiGURE 3. A: Idealized constraint. B: Numerically realistic approzimation of
the constraint. C: Constraint depending on gap velocity

In the appendix (see 14.1) the case of a constant surface pressure is considered, leading to a
number of coefficients that can be precomputed. However, in the general case it is better to
proceed along the lines of Gauss-Legendre integration: For each Gauss point with weight w,
in the domain, that is, at a parameter value {ay, §,),

calculate x = ZNaxa and g_z _ a;:iaxa and _g% _ Z a;;axﬂ

Then compute the vector y, = ‘% X %—% and find the pressure p at the location x.

Ft,a = Z ng(agy ﬁg)Na(a!N ﬁg)Yg
g

4.5. Collision constraint.

Only one half of the glottis is represented in the model, assuming symmetry. Therefore, the
movement of the one vocal fold is constrained to one half space. The symmetry assumption
implies that the collision with the opposite fold always occures exactly at the midline and
* therefore provides precisely the collision forces necessary to stop the left vocal fold (which is
modeled) exactly at the midline. So the collision that must be modeled is a collision without
friction between a soft body and the ridid y-z plane at x=0. The gap g(x) is defined as
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FIGURE 4. Contour landscapes of the squared constraint equations w(g,7) =

g% — \/(5_5’—1)2—-” (left) and gr — € (right)

the distance from a surface point of the vocal fold x to the constraint plane. In this case,
of course, g(x) = —x;. The traction that will keep the gap from becoming negative is a
Lagrange multiplier variable that must be zero as soon as there is no contact. The traction
acts in negative x-direction in this model’s case, and its magnitude is denoted 7(x). Hence,
the following conditions apply:

(4.16) g>0 , 7>0 ,and gr=0

The last equation means that either g or 7 or both must be equal zero. The domain on which
g and 7 can be is shown in Fig. 3-A as thick lines. It is numerically impossible to implement
such a constraint and so an approximation could be

gr—e=20

However, one small problem is that the function f{gr) = gr — € has a saddle point at the origin.
In the book by Bathe on Finite Elements [2] a different function is proposed:

g+T g—T 2
wig,7) = 5~ ( 5 ) + €

It turns out that w(g,7) = 0 implies gr = e. The advantage of this function can be seen when
we compare the landscape of the square of this function with the square of the function gr —«,
see Fig. 4. '

If the constraint is fulfilled the force will be 7 = ¢/g. From a numerical standpoint it may
be benificial to make the small number € in the constraint depending on the gap velocity: If
the gap velocity is negative, that is, the body is moving towards the boundary, we would like
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a bit more repelling force “early on”. Thus, € should increase with the speed of approach and
also have the effect of flattening the constraint curve so that the counter force begins to act
already at a larger gap. With this in mind the choice is:

e(g) = € exp (ag)

This results in a constraint function:

(4.17) w(g, g, 1) = g—;—T - \/(g; T> + €g exp (ag)

The resulting constraint surface w(g, g,7) = 0 is sketched in Fig. 3-C.

In the non-linearized form, the inclusion of the constraint amounts to adding a term 7m to
the traction in the virtual work of the surface forces, where m represents the direction vector
in which the collision force acts (in this model a unit vector in the negative x-direction). So
- the virtual work term related to the surface traction is:

(4.18) : oWy = / 7m - v dA,
8% .

To find 7 the constraint equation w = 0 must be solved. This is trivial because w = 0 implies
that 7 can be computed as 7 = ¢y exp (ag)/g.

It may be asked why not just use w = 7g + €(g)? The significance of the more complicated
function w(g, g, 7)) can only be seen when considering linearization. The negative gradient of
the function is defined everywhere on the (g, 7) plane (for any &) and points always directly to
the next point on the constraint curve w = 0, where it disappears. This thread will be picked
up again later.

The surface traction field that enforces the impenetrability condition is different from zero
where the vocal folds are in contact (that is, numerically very close to contact). An integration
over the contact area is required to lump these surface tractions to node forces. Formally this
is achieved, for node a, by the surface integral

(4.19) Feol / do,7(x)mN, dA,

In the implementation, the contact area will be covered by several test points for each of
which the contact condition is evaluated. It is reasonable to simply use a large number of
Gauss integration points on the surface of the vocal fold and use Gauss-Legendre integration.
The surface integral (4.19) is then computed as a weighted sum of the pointwise evaluated
integrant.

5. Augmented Virtual Work equation

Now we should collect the pieces again and put them together into one account. It is conve-
nient to follow some methods described nicely in the book by Bonet and Wood [3]. However,
it is necessary to extend it a bit to the case of dynamic systems and systems with collision
which are not covered there.

The solution to the equations of motion is represented by the symbol ®. It describes the
mapping from a reference configuration to the current configuration. The change of this
mapping constitutes the movement that is the solution of the equations of motion together
with appropriate boundary conditions and constraints.

Since the vocal folds are not really elastic and have dissipative losses, it is not possible to
formulate the same variational statements that hold true for elastic systems, in which the
strain energy can be derived from an elasticity potential. Even though this is used to describe
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the elastic part of the stress tensor, it is no longer possible to employ an elastic potential whose
derivative is the stress tensor.

In elastic systems constraints can be incorporated related to the deformation by augmenting
the strain energy function by a functional that is chosen such that it disappears when the
constraint is exactly fulfilled. This method is described in detail in the book by Bonet and
Wood (and in other places). The method can be described as follows: The total energy function
of the system is written down and augmented by the constraints, then the total variation is
taken to obtain an augmented virtual work equation. In implementing the incompressibility
constraint, the central idea is to separate the volume changing component of the strain energy
and the distortional strain energy so that the stress tensor o does not contain any volumetric
components. Since it is not possible to write one strain energy function whose differential is
the stress tensor, a virtual work equation is obtained by multiplying the equations of motion
with an arbitrary velocity field and integrating. This functional is augmented by the total
variation of another functional that takes care of the constraints.

It is assumed that some solution to the equations of motion exist, and it is at time ¢ a
mapping ® from a reference configuration to the current configuration. In this configuration
the equations of motion are satisfied. So a weak statement that holds true for any virtual
displacement or velocity field 6v becomes the the virtual work equation:

(5.1) 6W(<I>,6v):/ pv -6V — f-6vdnt—i—/ a’:V((Sv)th~/ t-ovdA; =0
Q: Qy Q o8

In this equation it is assumed that the condition that the movement must be ischoric has been
taken into account, and that the stress has been accordingly computed by using a reduced
strain description with C, as outlined earlier in the subsection about the stress field®.

In addition to the virtual work equation the actual condition is reached in which the movement
is isochoric. In a way similar to the methods based on a Hu-Washizu principle, it is required
that the following functional is invariant:

(5.2) I,(®, 7, p) = / U(T)das + /Q p(J - T)das

Qo
The variable J, the Jacobian, is connected to the solution ®, hence the dependence of the
functional II, on ®. However, the variables J and p are independent field variables. The
integration is over the reference domain since we assume that the fields J and p are body
fields (moving along with the coordinate system). In order for the incompressibility condition
to be fulfilled, it is required that the sum of the virtual work equation and the total

variation of II, disappears. The function U(J) may be specified, for example, as
U@ = %2(7— 1)2 and thus U'(7) = (7 — 1),

which can be seen as an artificially introduced volumetric strain energy function, hence the
(large) penalty coefficient x, can be seen as a bulk compressibility coefficient. This function
should be zero, and at the same time the independent field variable J should be approximately
equal to the Jacobian J, which is related to the actual solution ®. For this reason a Lagrange
parameter field p exists in the functional. Formally, the requirement is:

(5.3) SW(®,6v) + 1L, (®, J,p) =0

Hereby the variations are taken in the directions v, corresponding to the solution @; §J
corresponding to the field J, and dp corresponding to the field p. The whole purpose of this

3Strickly speaking, the reduced kinematic description should also be applied for the computation of the
viscous stress component, using a reduced deformation rate tensor D.
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exercise, as will be seen below, is to obtain a discretization that makes it possible to enforce
the incompressibility condition in an approximate way without locking problems. We have the
following partial directional derivatives of Il

(5.4) DI, [5v] = / D J[v]das

Qo
(5.5) - DIL,[6J] = /Q (%—(;—L p)dJda,
(5.6) DI, 5p] = /Q (J = T)dpdas

The first of these directional derivatives can be reformulated as follows, see (A.4):

DIL,[6v] = / pJdiv (0v)da, = / pJI :Vévdae, = / pl : Vivda,
Qo Q Q

The determinant J falls out since the last intergral is over the current configuration, to make it

compatible with the way the virtual work equation was written. Since the directional deriva-

tives are added to the virtual work equation via (5.3) it becomes meaningful to understand pI

as an artificial pressure term of the stress tensor: It is added to maintain the incompressibility

condition.

It is necessary to find an appropriate way to approximate the incompressibility condition in
a discretization method without locking. Obviously, it cannot be fulfilled point-wise because,
simply speaking, there would be more requirements on the movement than there are coefficients
(node variables) to describe it. So it will be assumed that while shape functions N, are used for
the description of the kinematic variables such as velocity and displacements, different shape
functions P, are used for the discretization of the pressure field p and of the field J, and of
course for their variations®. It is prudent to use a lower polynomial order for the pressure
approximation than for the approximation of the movement.

The second of the above derivatives must be zero, since it is the only contribution to (5.3)
depending on the variation §J and since (5.3) must hold for arbitrary variations of J. Using
the discretization with the shape functions P,, one obtains:

(5.7) / | (Z U'(J)Pab o ~ ZZPbPa(Sjapb) dao = 0

a

Since the variations §.J, are arbitrary,the following linear equation is obtained. This must be
solved for the pressure coeflicients py:

(5.8) > ( /Q 0 Pandno> Py = /Q 0 U'(J)P,da,

b
This method can be seen as a generalization of the “mean dilational technique” described
in the book by Bonet and Wood ([3]), which would be obtained if the pressure is assumed
constant over the domain of integration, that is, only one shape function P, = 1 would be
used.
However, it should not be forgotten that there is one other constraint on the movement,
“namely the impenetrability condition. As shown in the subsection on collision, this may be

4Note that J is not interpolated the same way since it depends on the displacement field which is described
by different means.
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FIGURE 5. The negative gradients of the function w(g, 7')v2 point towards the
constraint Tg — € everywhere.

achieved via the additional requirement that a function w(g(®),7) on the surface disappears.
This function is the same as was described earlier to approximate the exact collision constraint.
The intention is now to make this requirement only point-wise, and in a quadratice sense. The
surface that may be in contact is sampled at several points where the condition w(g, 7)? = 0 is
applied to obtain the traction 7 in the direction of a unit vector m so that the impenetrability
condition is enforced. At the contact surfaces the traction force 7m must be in equilibrium
with the stress field of the body. Therefore, for all contact surface points the condition is:

o-n=7m

For this reason, the traction 7m becomes part of the surface tractions t.

The above would also be obtained if it had been stipulated that the constraint w(g,7) = 0
and not its square these two are obviously equivalent. However, if the constraint is to be
linearized, it would be benificial to use the quadratic constraint. This is illustrated by the
plot in figure Fig. 5. Everywhere in the plane the negative gradient points towards the line
where the constraint is met. This is, by the way, not true for the gradients of the square of
the constraint 7g — e = 0.

6. Discretized equations of motion

In consideration of the derivations for the mass matrix, (see 4.5), the lumped stess (see 4.13),
the body forces (see 4.7), and the surface traction forces (4.14) and (4.19), the following system
can be put together:

(6.1) Mi + F°(z, &) + H(z)p = F™ (2, T) + F*%(z) + Fl(z)
(6.2) Qz)p = ¢(z)
(6.3) w(g(z), 7(z))? =0

In these equations the node locations are arranged as one column vector z, and the pressure
coefficients as p. The dependency on node locations and velocities is given in the terms in the
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equation. The coefficient Tyry¢ represents the action of the arytenoid (see section 4.2). The
inner stress term F'? further depends on time-variant parameters such as muscle activation of
the vocalis muscle, but this dependency is only implied. The matrix H is obtained as follows.
The pressure term in the virtual work equation is ‘/‘Qt pl : Vévdes. The discretization of p with
the interpolation functions P, and of dv with NN, results in:

(6.4) / pl: Vivda, =) Y / (A VN da)psdva = Y . Y Happydv,
Qo a b Y a b

The second equation (6.2) for the pressure coefficients p, in p is a short notation for (5.8).

The above system of equations lacks a detailed description of the origin of the surface forces F;.
It is known that they result from the pressure distribution that is delivered by the particular
flow pattern near the surface of the vocal folds. It is also clear that this flow pattern and hence
the pressure field depends on the state of the vocal folds. From this it becomes obvious that
the above system needs to be combined with one more complete dynamic system: the air flow
model. The mutual coupling between the two systems consists of the following: The vocal fold
model’s state provides a boundary condition for the fluid mechanical system, and the air flow
provides a pressure field on the surface of the vocal folds.

7. Linearization

The non-linear system of equations describing the discretized movements of the vocal folds
can be solved, in general, by two methods. One method consists in eliminating at each time
step the pressure variables and surface tractions and proceeding with an explicite method such
as the Euler stepping method, or 2nd or higher order Runge-Kutta methods. The advantage
of these methods is that no further linearizations are necessary. Only one linear system needs
to be solved at any time step to resolve the first equation for Z.

Another method among the explicite solution methods is the central difference method in
which the current acceleration and velocity of the dynamic system is approximated in terms of
the central differences around the previous time step. This method was applied by Dang and
Honda [5] for the modeling of a dynamic vocal tract model. This method is staight-forward
since their model is directly formulated as an ordinary quasi-linear second order differential
equation. A stiffness matrix and a damping matrix can be directly obtained without lineariza-
tion since the relation between nodal distances and force is assumed to be linear (within a
range).

The major disadvantage of explicite methods is that very small time steps may be necessary
(especially, of course, during collision) to obtain stable solutions. Implicite methods, on the
other hand, while not free from this restriction, can be shown to be more stable but certainly
only within limits. In general terms, an implicite method is one in which the current config-
uration of the dynamic system is used to calculate stresses and forces. All implicite methods
contain therefore an iterative step during which a new dynamic equilibrium is computed, unless
the system is linear.

While implicite methods are considered more accurate and stable (c.f. the discussion in Bathe
[2], chap. 9), they have the disadvantage that a linearization of the equations of motion at each
time step is required. One of the most celebrated version among the implicite time stepping
methods is the Newmark method, for this reason the procedure is documented in the appendix
of this report (see Appendix F). '

In way of linearizing the system of equations, the main difficulty lies in computing a tangential
stress-strain relationship that is then lumped into a tangential stiffness matrix. The methods
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to obtain the tangential stiffness matrix are described in Bathe’s book [2] and in Bonet’s and
Wood’s book (see [3], chapter 7.4).

The central problem in obtaining the tangential stiffness matrix is to obtain a tangential
stress-strain relationship based on the constitutive equations for the tissue. Therefore, it is
described in this report. For the elastic stress component which can be represented by a
hyperelastic term, the second derivative of the elastic potential ¥ is needed. This is the
Lagrangian tangential elasticity tensor:

e B
T 9EOE ~ 6CaC

Using the reduced potential ¥(C), the chain rule is applied to obtain ©. This will be done
by first computing an intermediate D and transforming it to . In the sequel the Lagrangian
elasticity tensor is transformed into a spatial elasticity tensor.
The transformation from S to S (see (4.11)), is achieved by multiplication with a 4th order
symbol, that will be denoted X. In components, this symbol is defined as follows:
ij - 1 _
ikl = ggka = J 7285100 — 3CuCi)

(7.1) £3)

X

The operation of X becomes clear by writing out the differentiation of the elastic potential in

full:

o (C) . oY (C) 8C;
OCk 0C;; O0Ci

In tensor notation it is possible write the transformation as double tensor contraction:

S=5:%

Sp =2 = S Xism

To proceed, the chain rule can then be employed:

oS oS — 0X
30 = X ok X+5: %
The tedious algebra of this is documented in Appendix D. As a result the following Lagrangian
elasticity tensor was found.
85 -4/3 | 1 — -1 -1 ~ 1 Iy -1 ~1
2%:,] @-5((9:0)@90 +C ®(C:©))+§(C:©:C)C ®C
(7.2)

—%J‘Z/:“ [?@ Cl'4+C'eS5-(5:0)T - %C‘l ® 0‘1)} ,

whereby J is in components:
s T s |
Tim = C31C3t

7.0.1.. Fiber strain example. Following is an example that will be useful for the vocal fold
model but also for the modeling of contractile tissue such as muscles.
The strain energy function may have a component that only depends on the elongation in
a fiber direction. The direction of the fiber is given by some unit vector f in the reference
configuration. Using the reduced Cauchy tensor, the stretch of the fiber is:

I(C) = (fTF Ff)Y? = (fiCyf;)V*
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Resulting is an energy function that depends entirely on the stretch in the fiber direction,
namely ¥(C) = h{{(C)). The differential of [ with respect to C' is:

onc) 1
ac  2(0)
The reduced 2nd Piola tensor is found as:
5 _ 28]7,(1(—0—)) K

fer

7.3 S = — ,
(7.3) 5= Tfef
and the reduced elasticity matrix:
— oS I
(7.4) 9—25—6——<72——-ﬁ>f®f®f®f

It is certainly instructive to take an example of linear elasticity in which the strain energy
function is designed to be h(l) = (a/2)(I*> — 1), where a is some constant. The development
above then shows that the Piola tensor is a constant S = af ® f and the tangential matrix D
disappears.

If the Piola tensor is constant, it doesn’t mean that the actual stress, represented by the
Cauchy stress tensor o = J"!FSF7, is constant. This depends on the deformation gradient
F.

7.0.2. Transformation to spatial tangent elasticity tensor. Just as the 2nd Piola tensor is
transformed to the Cauchy stress, it is necessary to transform its tangential derivative to a
corresponding spatial tangential derivative. It is easy to see that J'FC™'FT = J~1], so the
following is obtained:

— 1 —
(7.5) o=J FSFT = J3(FSFT — 3(8:0))
The relation between the 2nd derivative of the 2nd Piola tensor and the Eulerian (spatial)
tangential elasticity tensor is:
Cijit = J  FyyFys P Fi O rsker

It is straight-forward to define an intermediate reduced Eulerian tangential elastic tensor ¢ by
replacing © by D in this transformation. If € is then transformed to the corresponding unre-
duced elastic tensor, using the above Piola-transformation, the following formula is obtained:

(7.6) c=J73 E—%((E:I)®I+I®(I:E))+%(I:E:I)I@I

So in short, the method to calculate ¢, the Eulerian elasticity tensor, comes down to first
putting together a material elasticity tensor ©, then transforming it via the Piola transforma-
tion described above to obtain .

7.1. Linearization of the viscous stress component.

The viscous stress contribution to the virtual work using the test velocity field dv is:
2
Wy= | o,:0Dda;= / (2uD — =B div (v) I) : Dde,
Qt Qt 3
- This can be rewritten as:

Wy = | 2uD:6D — 2—?':L~div (v) div (6v)
Q¢
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The directional derivative of this functional in the direction of a second field w, keeping dv
constant is: . :
Déw,[w] = / (2,qu 10D — g,udiv (w) div (61})) da.
Q

Hereby D,, is the symmetric part of the gradient of the (velocity-) field w.
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8. Modeling air How in the three-dimensional glottis model

The main purpose of modeling the air flow in this model is to obtain a sufficiently accurate
computation of the pressure field acting on the surface of the vocal folds. It is clear that, using
current computational methods for fluid mechanics (e.g.,[8],[4]) and computer resources, the
accurate flow modeling in the glottis would be a very demanding computational task. Several
considerations about the flow field need to be clarified in order to obtain some reasonable
simplifications of the task, mainly resulting in faster computation without sacrificing too much
of the validity of the computed air flow.

(A) Is the flow symmetric? Or do we regularly have flow regimes as in this speculative sketch?

)

Vocal Vocal
fold fold

In the real vocal tract the flow is certainly not (strictly) symmetric. In spite of that, the
proposed vocal fold model makes a symmetry assumption. First it should be noted that if
the flow is not symmetric, the movements of the vocal folds cannot be symmetric, because an
asymmetric flow will create an asymmetric pressure profile on the folds, that must result in
asymmetric movements of the folds even if their material properties are identical® Nevertheless,
it could be argued that if the flow is at least “reasonably” symmetric, the vocal fold model
can be reasonably symmetric. The main advantages of modeling a symmetric vocal fold model
with symmetric flow are that (a) the collision modeling is drastically simplified, and (b) the
flow modeling is drastically simplifed because it is easier to find a flexible mesh for the air flow
simulation, as discussed below.

One strong argument against the assumption of symmetry in the flow is the observation of the
Coanda effect, namely that in a duct with varying cross section the flow tends to lean towards
one or the other wall. On the other hand, one important argument put forward against the
Coanda effect is to suggest that there is not enough time during the oscillatory cycle of the
glottis to establish such an asymmetric flow field. This idea is also supported by explorative
experimental evidence in [12]: The authors show a series of Schlieren photographs that are
taken during the change of an impulsively starting flow in an experimental (rigid, non-moving)
glottis model and point out that a Coanda effect can not be observed in that case. The
experiment was done after strong evidence for the Coanda effect could be found in steady flow

. experiments. In my opinion, in spite of this strong experimental evidence, the non-existence

5This very trivial and very sharp observation was brought to my attention in communication with Matthias
Heil.
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of the Coanda effect for the moving glottis is not necessarily the last word. Therefore, it is
more a matter of convenience to assume that the air flow can be modeled symmetrically.

8.1. One-dimensional flow approximation.

In the article by Story and Titze [13] a straight-forward one-dimensional flow model is used.
It results in a simple algebraic equation that relates the pressure along the glottis to the cross-
sectional area. It is assumed that the flow detaches at the point of minimal constriction so that
the pressure acting on the glottis above the minimal constriction is equal to the supra-glottal
pressure. ‘

The Bernoulli equation results for the case of uniform flow, described by a volume velocity
U, in the following:

1 1 1
=p, — =U?(— — —
where A; is the opening area at the beginning of the constriction and A the area along the
vocal folds. Further simplifications shown in [13] result in this equation for the pressure:

pP=Ds— (ps - pz)(Amm/A)2

Hereby, A, is the minimal cross sectional area along the glottis, ps the sub-glottal, and p; the
supra-glottal pressure. A generalization to two dimensions as flow through multiple parallel
channels may be conceivable in which each one is considered a one-dimensional flow:

R

I
H
i

N, DR |

However, as shown on the right, it would be necessary to set up a communication between
two neighboring flows: If the flow gets blocked in one channel, and the neigboring channels are
still open, an increase of the flow in the neighboring channels would be expected. This already
appears complicated enough to justify (in my view) the investigation of the actual fluid flow
problem from first principles®.

Pelorson et al [12] modified the detatchment assumption by investigating more accurately the
condition for detatchment of the flow based on a shear-boundary layer approximation. This
results in a different definition of the point of detatchment, and also in some improvements of
the two-mass model.

6In considering generalizations to 2 or 3-dimensional flow, it appears that instead of the algebraic equation
that is used to compute the pressure, a Poisson equation is obtained for the pressure in 2 or 3-dimensional
flow, as will be shown below.
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FIGURE 6. Sketch of various regions for modeling of the fluid dynamics in the
symmetric glottis. The regions 1,2 and 8 are moving with the surface of the vocal
folds, that is the field w (see text) is defined in these regions depending on the
movements of the folds. The regions 4 and 5 are fired. The region under the
boundary 'y is the sub-glottal region, and the region I'y is the supra-glottal region.

8.2. Description of flow in a moving grid.

The following gives an outline starting at the general Navier-Stokes equations for fluid flow.
The Navier-Stokes equations are formulated in a moving coordinate system, following the
method that is known in the literature as Alternate Lagrangian or Eulerian (ALE)
method. The basic idea is that a grid in which the fluid is simulated moves partially with
the moving surface of the deforming body.

In particular (see Fig. 6), between the two (symmetrically moving) vocal folds, the vertical
direction of movement is identical to the movements of the vocal folds, that is, the z and y
components of the movement is the projection of the movement of the folds onto the y-z plane.
The grid’s movement in x direction is equal to the movement in x direction on the surface of
the vocal folds and equal to zero in the midsagittal plane. Above the glottis, another region’s
movement is only determined by the movement of the upper edge of the vocal folds, as can be
seen in Fig. 6.

Relative to this moving coordinate system, the Navier-Stokes equations can be formulated.
Using either a set of polynomial shape functions to model the fluid flow relative to the move-
ments of the grid or by making use of some other method based on the finite volume method or
even spectral methods, the flow and pressure fields may be computed. One important problem
that has to be solved is the fact that the grid collapses when and where the two folds impact.
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8.3. Navier-Stokes equations in a moving coordinate system.

Following the moving grid idea, it is assumed that there is a velocity field w inscribed on
the fluid domain. The velocity w of the field is in general independent of the spatial velocity
field of the fluid v, see Fig. 7. A control volume shown in gray in the figure is moving with
the grid, that is it’s boundaries are moving at the velocity w at the spatial locations of the
boundary. Transport equations can be stated for any field that is associated with the air flow,
see Gurtin’s book [10], page 78, or Ferzigter and Perié¢’s book [8], chapter 12. In the control
volume moving with w, Reynold’s transport theorem becomes:

Let @ be a smooth spatial field and let it be either scalar of vector valued. For any control
volume that moves with the field w the rate of change becomes:

d CI)dV / 'V —I—/ o(v—w) -ndA
dt Ce ac,

@' represents the change of the field, keeping the spatial location fixed, whereas ® would be
the material change of the quantity while moving along with a particle. It should be noted
that there are two limiting cases. In the Eulerian description, the field w is zero and in the
Lagrangian description it is equal to the velocity of the movement, so that the second part
disappears.

In particular, if the quantity ® is the momentum pv, then the above is valid for each compo-
nent and we get:

pv;dV = / o gy + [ pvi(v—w)-ndA
dt Jo, Ct aC:

In vector notation this amounts to

pvdV v

—_ -

The position of the density p was deliberately put to the right since the continuum equation
can be applied written in a the appropriate form

d dp
pr pdV = /Ct—a—t—dV—l—/actp(v~w)rndA-—0

The above equation must hold because there are only two sources of how matter can disappear
or appear in the control volume C;: Either because the mass density changes or because matter
leaves or enters the volume. This happens at a speed v — w relative to the boundary of the
control volume, so the second term comprises this transport of mass.

The integral of moment over the control volume must be in equilibrium with the surface forces
acting on the surface of the control volume, assuming the absense of any body forces such as
gravity. So we get two equations, independent of the control volume (using the divergence
theorem).

Opv

—; T (V@ (pv — pw)) = div (o)

dp
E—i—dlv(pv—pw)—o
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This is the same as:

Opv + Vv (pv — pw) + vdiv (pv — pw) = div (o)

ot
%’g%—div(pv——pw) =0

And so the continuity equation can be applied to simplify, by subtracting v times the second
equation from the first one. This results in the Navier Stokes equations(p > 0).

ov 1.
-8-?+Vv(v—w) = ;le(O’)

Oop ..
—a—t+d1v(pv—pw)—0

If w = 0 the usual Navier-Stokes and continuity equations in the Eulerian description are
obtained (just like (3.1) without the f). In the other extreme, if a reference frame is chosen
that moves with the deforming body, that is, w = v, the convective form drops out and the
case of a Lagrangian description of the motion is obtained.

Under the assumption of low Mach numbers for the flow field, the air is treated as a Newtonean
fluid’, see [10]. The stress field o is then

(8.1)

2
(8.2) o=—(m+ gudivv)I +2uD

The variable 7 referes to the pressure that would be there without a movement. The divergence
term is designed to remove the volumetric part of the stress due to 2uD alone, so that the
actual pressure is

1
(8.3) p=—gtro=m

It is often preferable to consider the case of incompressible movement to get rid of sound
waves. In this case, the diverence of the velocity field must be zero and the pressure can not
be related to a density change of the air. The pressure then is arbitrary up to a constant
and only its gradient will be used to enforce the incompressibility condition divv = 0. Before
the incompressible case is treated, the case of slight compressibility will be considered. For
small compressions of air, it can be stated that a constitutive relation exists between the air
density and the pressure: p = m(p). As explained in Gurtin’s book (see [10], section 19), a
wave veloctity k(p) can be introduced that follows from the constitutive equation, resulting in
a relationship between the gradient of pressure and the gradient of mass density:

2 _ dﬂ(p) its 2 1 _ "‘;2(10)
k*(p) ap (units [m/s]?) and pr p Vo
We are dealing with low enough speeds and small enough pressure perturbations (compared
to the atmospheric pressure pg) so it can be assumed that the mass density does not change
significantly. Hence the approximation that the mass density is a big constant plus a small
fluctuation, and the speed of sound is a constant:

2 2

K0 D and Vp=VYp
Po

p=po+p and

"It should be noted that for D = (Vv + VvT) the velocity gradient of v is used and not that of v — w.
This is the case since the viscous stress is only a function of the relative movement of particles in the fluid flow,
therefore it is independent of the movement of the reference field whose velocity is w.
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FIGURE 7. The description of flurd flow in a moving coordinate system. Both the
velocity v of the fluid and the velocity w of the grid are relative to the fized space.
The control volume moves with the velocty field of the grid - its position after a
short time is shown in gray. The fluid that initially covered the control volume
is soon in the region shown with black lines. The arrows show the displacements
of individual particles on the surface of the control volume.

Using these approximations in the equations of movement and the continuity equation (8.1),
together with the linear viscous stress law (8.2), written in the expanded form, the following
is obtained:

. 2 A
CO — ~ . 2 . 1 .
vV +Vv:-(v—w)+ —=Vj = 2uvdiv <D——z/ divv I) = vAv — —vV (divv
50 (v =)+ 295 ET) = viv— 2V (div)

7 + (oo + B)div (v —w) + V- (v—w) = 0

The small signal approximation implies a constant linear relation between the gradient of the
pressure and the gradient of the density, that is:

7 1 . 2~
(8.5) —Vp=—=Vj andthus p=c;p+ const

Po Po

The const is spatially constant and can only depend on time, so it corresponds to the average
atmospheric pressure and will be assumed constant over time as well. The above equations can
be rewritten after the divergence term of the second one has been collapsed into one expression
again: ‘

1 1 ;
vV +Vv-(v—w)+ —=Vp=vAv — vV (divv
(8.6) ( ) Po 3 ( )

P+ div [(poc5 + p)(v — w)] =0

The pressure p in these equations must be understood as a small fluctuation relative to the
atmospheric pressure. The above equation system must be equiped with consistent boundary
conditions. At the entrance it is necessary to specify the subglottal pressure p,:

ﬁlfl = Ds
If the viscosity stress term is kept, the velocity field must follow the “non-slip” condition, that
is, the velocity v must be equal to the movement of the grid, w, at the boundary I'y (see
Fig. 6). The pressure at the same boundary appears to the vocal fold as an external pressure.

It is apparant that the above system requires very tiny time steps and high spatial resolution
for its solution, since the solution algorithm must resolve the actual sound propagation and at
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the same time should model with sufficient accuracy the high velocity gradients that can be
expected near the walls (shear boundary layer).

The following approximations can be made. First, a small reformulation of the system for
the case of neglecting viscosity (v = 0) should allow significantly lower spatial resolution. The
boundary conditions must be changed to a slip condition which means that only the velocity
term perpendicular to the boundary disappears, since now the particles are no longer assumed
to stick to the boundary. The reasoning for this assumption is that for the air flow far from
the walls the viscous term is almost irrelevant because small velocity gradients will be found.
It is then convenient to assume that there will be a thin boundary layer where the viscosity is
relevant. So the slip condition implies the assumption that this layer is very small. See also
the discussion of shear layer boundary in the article by Pelorson et al [12].

An acoustic approximation can be obtained by taking the time derivative of the pressure
equation and the divergence of the moment equation. Then the moment equation is multiplied
with pocs and the term divv eliminated. This results in the following.

(8.7) P’ —caAp+ ditdiv [p(v — w)] = poch (divw' +div[Vv- (v —w)])

This equation is still exact within the small pressure fluctuation approximation, since nothing
else was neglected. In fact, what is seen here is a wave equation (the term p” — c2Ap) with
a rather complicated looking source term. If the density field (resulting from the continuity
equation) had not been replaced by a small fluctuation pressure field, the resulting of the
operations above would be the equations attributed to Lighthill, and derived in Dowling and
Williams [6], section 7.4. There is shown how the Navier-Stokes equations (momentum and
continuity) can be formulated as non-linear wave equations. _
The above is interesting by itself but does not yield any simplifications, unless it is now argued
that the spreading of the pressure wave is so fast, compared to the size of the glottis, that the
pressure signal occurs instantaneously everywhere. So the case of infinite signal speed of an
incompressible gas would be the limiting case. To get to such an approximation, the next idea
is to maintain only terms that contain ¢3, and then assume that the velocity field is solenoid
(divv = 0). This results in: :

(8.8) Ap = —podivw’ — po(VV) : (Vv — Vw)T

Another approach can be found in applying the incompressible assumption from the beginning.
This leads to a very similar Poisson equation for the pressure (see below) that does not include
the term from the moving mesh (it should be there).

8.4. Potential flow.

For the glottis, the assumption is often made that there are no significant eddies as long as
the flow converges. There may be eddies above the glottis, and it can be assumed that they
shear off the edge of the rapidly closing vocal folds, as shown in the following illustration:

<
>

Strong shear
during closure
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For most of the flow field between the vocal folds, not above them, the assumption of no eddies
may be quite reasonable. It is certainly conventient. If it is thus assumed that the rotation of
the velocity field v disappears, this is equivalent to the assumption that the velocity gradient
is symmetric. Further, under this assumption the velocity field can be written as the gradient
of a velocity potential ¢. The moment equation in this case can be reformulated as follows.

89) v (45007 + L) = vive)w

Po

or in the following way (see Appendix E.1):

8.10) v (04 5lV07 -+ 2 ) = (T (V- w)

0
In any case, a modified Bernoulli equation is not obtained since for that the right hand side
term should disappear (see Gurtin’s book for details). This could be achieved only if the
movements of the glottis that enter the equations by means of the moving grid velocity w are
neglected. It could also be argued that a Bernoulli equation can not be obtained due to the
fact that the rotation of v — w does not disappear even if v is an irrotational flow.

However, if it could be assumed that the flow is stationary, then not only would the term
¢’ disappear but also the movements of the grid would be neglected in the equations. See
also McGowan’s interesting review letter for a discussion of the validity of the assumption of
stationarity [11].

Remark: If stationarity and potential flow is a reasonable assumption, there is no real need
to model the air flow by using the ALE method over the changing domain between the folds.
Instead, the flow can be obtained by solving a Laplace equation for the flow potential. Sub-
sequently, the pressure can be obtained from the Bernoulli equation. It is not even necessary
to have a grid at all in that case. The Laplace equation for the flow potential can be solved
numerically with the boundary element method (see Banerjee, [1]). This needs to be further
investigated. Problems can be expected especially during the collision of the glottis - of course.

8.5. The incompressible case and another Poisson equation for the pressure.

It is often assumed that the flow for low Mach numbers (as is the case in the glottis) is
appropriately modeled under the assumption that the air is incompressible. In the above
method this is considered as a limiting case: The signal speed ¢ is infinite in the limit, and
the divergence of the velocity field v disappears. Essentially, c3 plays the role of a penalty
coefficient.

In the following approach the incompressibility condition is used apriori, not allowing a small
signal approximation for the pressure field. In this case the Navier Stokes equations become:

1
%‘tf——l-Vv(v——W) + %VPZQI/CHVD ,

divv =0

For incompressible flow, the pressure field plays the role of a Lagrange multiplier variable. It
must be such that the incompressibility condition is valid. Just like in solid mechanics - there
is no direct connection between the pressure field and the flow field. Indirectly however, if the
moment equation is resolved for the gradient of the pressure p and the divergence is taken, a
Poisson equation for the pressure is obtained. The incompressibility condition is implicitely
contained in this equation, divv = 0 is taken into account everywhere.
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In computing the divergence of the moment equations, it can be first stated that div %‘E" =0
must be true due to the incompressibility condition. (This is the reason why the Poisson
equation can be solved alternating with the solution of the velocity equation, resulting in what
is called the velocity correction method). Further, the double divergence of the symmetric
deformation rate tensor dissappears if divv = 0 (see Appendix 3). The only term left is
div (Vv(v —w)) (see Lemma 4). The following Poisson equation for the pressure field is
obtained:

(8.11) Ap = —potr (Vv V(v = w)) = —po(VV) : (Vv — Vw)T

It can be seen that the term containing the accelaration of the grid in (8.8) is missing in the
above equation. However, the previous Poisson equation for the pressure was obtained by
taking the limit (¢; — co) of the acoustic equation for the pressure.

8.6. Description of the grid movement.

In this subsection, a grid is described that represents the “wobbling” space between the vocal
folds and the midsagittal plane. It is obtained by interpolating between the movement of
the glottal fold’s surface points and their projections onto the midsagittal plane. Near the
surface of the vocal fold the grid moves along with the movements of the surface, and near
the midsagittal plane it only moves along with the y and z component of the movement. The
surface of the vocal fold can be parameterized by two parameters (o, §). In particular, for the
location and velocity fields at the surface of the fold this becomes:

=Y Ny(o,f)%k, and x=)» Ny(o,f)x. ,

whereby N, denotes the shape functions in the vocal fold restricted to the surface. In the

model, the z-coordinate is the main flow direction, the y-axis the length axis of the glottis,

and the x-axis the horizontal dimension. The distance of a point x on the vocal fold from the
midsagittal plane is therefore —x; (since the fold is in the half space of the negative x-axis. ).

It will be assumed that the grid’s movement in the midsagittal plane is the projection of the

movement of the fold’s surface onto the y-z plane. So one can construct a parameterization of

the control volume, based on a parameterization of the surface of the fold (by a and 3) and a

third parameter v that is 0 on the glottis, and 1 on the midsagittal plane. This results in the

following veloctity field for the grid movements:

W= ((1 - 7)5{17 X2, 5{3)T

Thus, the “wobbling” domain is parameterized by a mapping from a unit cube by three pa-
rameters:

y= ((1_7)}{1) X2, x3)T 3

whereby the dependence of x on « and 8 was implied.

The volume element used for integration is not simply dadfd~y because the parameterization is
based on the parameterizaton of the vocal fold surface. It must be computed by differentiation
of the mapping, or equivalently by evaluating the geometry, as follows. The surface normal
~area element on the fold is (see 4.15):

Ox Ox
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The volume element is

AV =

—x 6}{2 8X3 _ 6X3 6X2
"\ 8a 98 Ba 88

It is also necessary to know the gradient of this field. It is:

1-92 1-9% —x

) dadBdry

Oy axs ° oxs P
8.12 — =A= S &2 0
( ) oo a@cs 683?3 0
da ap

A gradient operator in spatial coordinates can therefore be formed via
(8.13) V=A"Vq ,

where the symbol nabla operator with a represents differentiation with respect to the param-
eters (o, 3,7). The transposed inverse is:

1 1 0 0 n
(8.14) AT = Ao —~T1Z38 T1Z3a (M2 + VT1,aT3p)
L 520888 7 000%5e \ 1iT0p  —T1T2a  (Na — VT1aT2p)

It is clear that while the volume element shrinks to zero volume during collision, the transfor-
mation matrix becomes singular. It can be hoped though that the singularity can be cancelled
out. Integrating over the grid, under an integral the term dV;, is introduced due to transform-
ing the integral back to the parametizing cube. Therefore, the A~T usually occures together
with dV,,:

0 0 n, é;
(8.15) dVpV = | =123 2130 (N2 +VT1,6%34) ?
TiT2s  —T1T2a (M3 — VT1aT2s)) \Z

This operator is defined even in the case of the collapsing grid, that is, for z; = 0.

It is clear from the above that any volume integral, and thus any equations between coeffi-
cients describing the velocity field, are inherently and non-linearly related to the location (and
velocities) of the nodes describing the movement of the surface of the vocal folds. It should
therefore also be noted that any variations in these nodes will affect the field w.

9. Acoustic coupling of the flow simulation

In principle, the flow computation could be stretched over the whole vocal tract. But this
seems unnecessary since for most of the vocal tract, the particle velocities are small enough
so that the non-linear terms in the Navier Stokes equation can be neglected. Further, it is
convenient for lower frequency ranges, to make a one-dimensional acoustic approximation for
the region of low flow velocity along the vocal tract. In general, the walls may be moving (either
fast in very small amplitudes due to interactions with the sound field, or very slowly due to
articulatory movements). For one-dimensional sound propagation in a tube with varying area,
A(z,t), the velocity field can be represented by a volume velocity field U which relates to the
(one-dimensional) velocity field in the direction of the tube as follows:

(9.1) w(z,t) = Uls, 1) /Alz,1)
Differentiation of this and using the expressions

B=ln(A) y Ba;:AJ;/A and Bt:At/A y
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whereby differentiation with respect to time and space are marked by the indices, results in
the following specializations: :

1 A
v+ —p, =0 becomes U;—UB;+—PFP, =0
Po Po

p: + pocavy = 0 becomes P; + poci (U, — UB,)=0

Taking the spatial derivative of the first and the time derivative of the second, most of the
terms with the flow variable can be eliminated to obtain:

1
(9.2) BoP;+ Pyy — = (BiP: + P) = %(Uth ~U,B,)
0

If it can be maintained that A;/A% and A;/A? are very small, is it possible to separate the
pressure and flow fields. Under this assumption the Webster horn equation is obtained:

L (AJAP, + Py)

ct

(9.3) (Ap/A) Py + Pyy =

It is assumed that the coupling of the flow field and the acoustic field takes place at some
cross-sectional interface surface I';. To connect the pressure fields P and p and the velocity
fields U and v, it must be averaged over the interfaces:

1
= dA
P area(I;) /pip

U= v-ndA

r;

(9.4)

This type of coupling is appropriate for the interfaces I'; to the subglottal space and at I'y to
the supra-glottal space (see Fig. 6).

10. Methods for air flow simulation

In the following I will put together the equations that are the starting point of a simulation.
Statement of the boundary conditions appears to be a hairy issue. It is assumed that the lungs
are an infinite pressure reservoir with a pressure of p;(¢). Supra-glottally (at the down stream
end) we apply the condition that the air pressure must be po(t). Initially it will be assumed
that these pressures are constant. However, in planned extension, the sound field needs to be
considered outside of the computational domain for the fluid flow. In that case, the pressure
in the vocal tract will interact with the fluid flow via the boundary condition of the pressure
at the interface between fluid and acoustic fluid. It can be expected that there will be an effect
on the flow velocity field. For instance, a pressure change at the down stream interface will
result in a change of the total flow field including the flow at the sub-glottal interface, where
the pressure is supposed to be p;.

Viscous terms will be neglected, so a slip condition will be applied on the surface of the walls,
including the moving vocal fold surface.

The boundary conditions for the pressure on these surfaces are obtained by resolving the
Navier-Stokes equation for the pressure and multiplying with the surface normal. The following



10. METHODS FOR AIR FLOW SIMULATION 31

equations are obtained.

(10.1) 88—;’ + Vv —w) = ~;1;vp

(10.2) Ap = —potr (Vv V(v — w)) — podivw’
(10.3) p = p,(t) supra-glottis boundary
(10.4) p = ps(t) sub-glottis boundary
(10.5) (Vp+ poa) -n =0 on moving glottis surface
(10.6) (v—a)-n=0 on moving glottis surface
(10.7) v-n =0 on rigid wall surfaces

See Fig. 6 for explanation of the regions. The vector field a is the instantaneous acceleration
of the vocal folds and on the surface of the folds it is equal to w'.

Remark: It should be noted that no boundary conditions are specified for the velocity field
on the input and output domain surfaces. Only pressure conditions are specified, following the
considerations about the nature of the problem. However, it is usually found in the literature
that explicit boundary conditions for the flow field are specified, for example, such as that
the flow is perpendicular to the inflow and outflow boundaries. I wonder if this is essential.
My reasoning is the following. It is assumed that the equations above are simulated starting
with a zero initial velocity field and for simplicity without movement of the vocal folds. So the
pressure is computed via a Laplace equation, since the inhomogeneous term in (10.2) is initially
zero. The resulting pressure field should be a smooth interpolation between the pressure at
the lower and upper ends of the fluid flow domain. Next the flow is updated and a small little
bit of flow will occur that influences the pressure field. After that, the pressure field is updated
again, this time via the Poisson equation (10.2), and so forth. Essentially, the pressure field
provides the potential from which the air flow “is pumped through the domain”. I do not see
the physical need for specifying the flow boundary conditions for the surfaces I'; and I'y (see
Fig. 6 ), and I would not know how to specify a meaningful boundary condition for the flow.
So I leave it unspecified. This will have to be critically reviewed.

10.1. Discretization.

In this subsection I will only cover a discretization method via the finite element method or
with spectral methods. This may later be specialized to the more common volume element
method which can be found partially covered in the book by Ferziger and Perié [8]. It should
also be possible to use boundary element methods (see Banerjee, [1]), and an investigation of
that is forthcoming.

Following the Galerkin method the equation for the velocity is multiplied by some arbitrary
vector field §v that fulfills the essential boundary conditions, and the resulting inner product
field is integrated over the fluid domain. Similarly, for the pressure equation a scalar field
dp is used. For the discretization, shape functions (), are used to discretize the velocity
fields, and shape functions R, to discretize the pressure fields. In the following the discrete
system of equations will be developed without considering singularities. Then, the problems
associated with the collapsing grid will be addressed. In the following equations, summation
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over expressions containing multiple indices is implied.

vV =4V
Vv =v, V@,
OV = Q46V,
p = Rupa
6p = Rq0p,

In the velocity field, the convective term becomes (switching as needed between components
and tensor notation, and using the notation Q,; = (VQ,);):

ov-Vv.v = Qadvai(vb X va)ichch = Qa5vaivbin,chvcj = QaQCVdeva (Vb X Vc)
and
ov - Vv -w = Qaévai(vb ® va)ijo = QGVQ(,5VG (Vb ® W)

The pressure gradient in the velocity equation results in a term:

1
6Va Qa — chc
Po

After integrating over the domain and dropping the arbitrary év the equation is obtained:

(10.8) MV, + Fy 4+ Gape =0
whereby
M3 = [ Q.QudV
Vi
Fa = QanvadV : (Vb ® Vc) - QGVQb(Vb ® W)dV and
Vf Vf
Go=—~ [ QuR.AV
pO Vf

The integration involving w does not allow (or need) to factor out w, since it is actually
only represented via the shape functions used on the surface of the vocal fold model. In the
numerical integration, w must be evaluated at each Gauss point.

The slip condition for the velocity field (v — w) - n = 0 can be enforced by an algebraic
constraint. It can be obtained from a weak form of the boundary condition that is integrated
over the vocal fold surface I';. For this, another scalar Lagrange multiplier field, say 1, must
be introduced that lives on the surface of the vocal tract. The slip condition then becomes:

(10.9) / n(v—-w)-ndA=0 foranyn.
T
For the discretization the fact that the field w must be equal to the velocity of the surface of
the vocal folds can be made use of. Conventiently, 7 can be discretized using the same shape
functions as used in the vocal fold model for the displacements, namely N, restricted to the
surface of the vocal folds and the velocities of the surface nodes x,. After integration and
“dropping the arbitrary coefficients 7,, the following constraint equation is obtained:

(10.10) B9, = BN,
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Hereby, the summation over equal indices is again implied, and the two matrices (which are
in general of different order) are:

B¢ = / N,QyndA
Ty

BNN — [ N,NndA
I'y

For the pressure equation, use is made of:
SpAp = div (6pVp) — Vép-Vp

and the divergence theorem to incorporate the natural boundary conditions on the surface of
the vocal folds, namely by using (10.6):

/ 0pVp - -ndA = ——/ dpa-ndA
T2

T2
The right hand side term in the pressure Poisson equation becomes, after integrating its product
with dp, R,, and dropping dp,:

"B, = po / R,(VQy ® VQC)dV (v ®ve) — po / R, VW -VQudV | - vy
vy Vi

(In components the integrant of the second integral is: R, jW; jVe:.) So the Poisson equation
for the pressure becomes, after cancelling signs on both sides:

(10.11) MEpy+ Ay =B, ,
with the right hand side B, from above and

ME = [ VR, -VRydV
Vs

Aa:/ R,a-ndA
Iy

10.2. What happens when the grid collapses?

The integrals of the previous section are all taken over the fluid domain. It is clear that the
fluid domain will shrink to a very flat region and eventually to nothing where the vocal folds
collapse. In what way do these integrals behave when this happens?

The fluid domain is parameterized, as described in sect. 8.6, from the parameters of a unit
cube. The functional matrix of the mapping from the cube to the fluid domain was denoted
A. It becomes singular where the grid collapses. The integrals for the computation of the
coefficient matrices for the discrete flow velocity equation (10.8) and for the discrete pressure
equation (10.11) are evaluated by integrating over the parameterizing cube. Thereby the
differential volume of the cube must be multiplied by det A. For this reason, in the flow velocity
equation, the integrants for M ﬁ and G, disappear gracefully. The two integrals in the column
FQ are also not a problem: There is one spatial gradient (of the shape functions) in each
integral. The gradients of the velocity fields become singular because of the transformation of
the gradient, c.f. equation (8.13). However, in there, det AA~T the singularity is canceled out.

The problem becomes more severe for the discretized pressure equation, since there are two
gradients in the integrals, and there is only one det A to cancel out the singularity. To deal
with this problem it is proposed to multiply the pressure equation (10.2) with a field det A
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and then proceed. This idea certainly gets rid of the singularity. The justification may be by
means of a little practical requirement on the arbitrary field dp that was used to obtain a weak
formulation of the pressure equation. It would then be required that if the grid collapses, the
weighting function used to obtain a weak solution must be zero.

11. Conclusions

In this report it was attempted design a model of a symmetric vocal fold system with body-
flow interaction. The model contains a non-linear tissue description (of the elastic properties)
of the vocal folds that can be specialized to various hyperelastic material descriptions. The
implementation method can be applied to other materials as well and does not rely on the
assumption of hyperelastic tissue models. The mathematical methods underlying the modeling
of air flow were described using a moving coordinate system that changes instantaneously with
the moving of the vocal folds. The air flow is assumed to be symmetric, for convenience and
for the sake of significant simplifications. This is justified by the reasoning that significantly
asymmetric flow (Coanda effect) may only occure if the vocal folds are not oscillating.

Several important issues could not be finished or covered in writing by the time of submitting
this report. (i) Still missing is a rigorous treatment of the interaction between the fluid flow
and the movement equations for the vocal folds. It is planned in futher work to obtain this in
the frame work of the virtual work equations with constraint as described in section 5 for the
vocal folds alone. (ii) While some information is given on useful numerical methods and how
they can be applied here, the implementation of a numerical code and numerical experiments
could not be finished by the end of my stay at ATR.

12. Appendix A: Definitions

DEFINITION 1. F'is the deformation gradient. It is
0x;
F.=—"

where p is the coordinates of a particle in the reference configuration, and x is the spatial
coordinates of the same particle in the deformed configuration. The determinante of F', the
Jacobian, is denoted J.

DEFINITION 2. The right Cauchy tensor is C = FTF, and the left Cauchy tensor is B = FFT
DEFINITION 3. The Euler tensor is. E = (C — I).

DEFINITION 4. The rate of the deformation gradient and the spatial velocity gradient relate
as follows:
L=V (v)=FF!

DEFINITION 5. The symmetric part of the velocity gradient is D = (L + LT), and the
asymmetric part is W = 2(L — LT)

DEFINITION 6. The symmetric part of the velocity gradient and the rate of the Euler tensor
relate as follows:
FIDF=E or D=FTEF™!
 DEFINITION 7. The 2nd Piola tensor and the stress tensor are related by the Piola-transform:
o=J'FSFT | S=JFleF T



13. APPENDIX B: SHAPE FUNCTIONS AND THEIR GRADIENTS. 35

DEFINITION 8. The deviatoric part of the Cauchy stress tensor has the pressure removed and
its trace is zero:

(A1) o' =DEV(c) =0 — %tra =0 —pl where p= %a I = %tra
Correspondingly, formulating the hydrostatic pressure based on the 2nd Piola tensor:
(A.2) p:%J_IS:C
DEFINITION 9. Isochoric means that det C' =1 and dit det C = 0. Since

| J=JC1:C

we can also write this as condition for isochoric.

DEFINITION 10. The directional or Gateaux derivative of a function or a functional f(®) in
the direction u is defined as follows:

Df(@)ul = =

f(D + eu)

e=0

In particular, the directional derivative of the deformation tensor F' in the direction of a
spatial field u is:

d (P+eu) Ou Ou
. F = — B S A
(A3) DF(@) = 7| gt == p,
since F' = ap
The directional derivative of J is:
(A.4) DJ(®)[u] = Jdivu = JI : Vu

13. Appendix B: Shape functions and their gradients.

The parametrization of a volume (vocal folds) in its reference configuration is achieved via
scalar shape or interpolation functions M, (¢, v, () whose arguments are the coordinates of a
unit cube or similar simple domains. The initial configuration of the body is described by
a set of coeflicients p,, (3-tuples) that can be understood as the reference node points. The
material coordinates are thus defined as:

p(§,v,{) = ZM (&v,0p

The current location x can be expressed elther by the same or different shape functions, N,
( whose number can also be different), also defined on the cube domain:

x =x(&,v,() = ZN (6 v, )%

If the shape functions N, and M, are the same then N, are called isoparametric shape
functions. It is useful to understand the current location x as a vector field that is a function
of the material coordinates p.

The material and spatial gradients of the shape functions also need to be computed. The
material gradients are obtained by differentiating with respect to p, denoted V; and the spatial
gradients are with respect to x, denoted V. We have:
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(A5) ty= g =3

0¢; g

For the material gradient of N, we get:

ON, 0p; ON,
A6 =
A9 op, 7 06,
Thus:

Ai5(VolNa)i = (Ve No);

So:

VolN, = A~ vaNa

The coeffients of A~7 and VNN, can be precomputed and stored at the Gauss points. They
only depend on the reference configuration which is fixed during the computation. The defor-
mation gradient is the differential of the spatial field x with respect to its material coordinates:

- Y x ONe
- . ar ap]
This can be written in tensor notation as:
(A7) | F=> x,8VoN,
Finally, the computation of the spatial gradients of the shape functions is necessary: -
ON,
N,
(VNa)i = 5
This can be found from:
Na ) aNa 3] a 8Na
ONg 0% _ = ~N—Fij =2 «— FTVN, = VN,
ox; Op;  Op; 0x; op;
Thus: .
(A.8) VN, = FTVyN,

It is clear than that the material or spatial derivative of any material or spatial field that
is discretized using the shape functions N, can be obtained via the gradients of the shape
functions. In particular, if we approximate the field dv by ), N,6v,, then its gradient becomes:

(A.9) Vév =Y bv,® VN,

14. Appendix C: Some Lemmata and notes

Let S be some mix of hyperelastic behavior plus a stress term that results from dissipative
terms and is a function of the strain rate. That is:
ov
S=2—+1L
50 T LD

Then two equations for the case of isochoric movements are obtained:

s—22¥ _ Lo ¢ =0

oC _
JCt.C=0
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This can only be true if

ov
s = — L -1
(C.1) S 280+ [D] +~JC
Inserting this into the equation for the pressure (A.2) yields:
_1._.,,,0%(C) '
(C.2) p-—BJ (2 50 +L[D])):C+~

So the pressure is only defined up to an arbitrary constant, no matter how S was obtained.

The above argument was carried a little further in the book by Bonet and Wood, [3], page
127ff. It is there shown for the case of only elasticity the pressure and v coincide if g—g :
C = 0. It is then shown that this is equivalent to the argument that the function ¥ must be
homogeneous of order 0, i.e., ¥(aC) = ¥(C), for arbitray . Thus, choosing o = J~2/® does
not change the strain energy function.

This argument can also be applied to the case in which the stress tensor obtained as gradient
of an elastic potential is augmented by a frictional term L[D]. It is necessary to make sure that
the frictional term or any other additional terms do not contribute to the pressure. This can
be achieved by calculating their pressure terms and aniliating them. For example, in the case
of L|D] = 2uD in the Cauchy stress, the term Zudivv! is simply removed from the Cauchy
tensor. _ :

In practice it will be necessary to find a field v such that the isochoric movement condition is
approxmiately fulfilled. After that the pressure is computed by taking the inner product with
C but the field v must then be subtracted to obtain the true pressure.

LEMMA 1. Invariance of stress power: The inner product of o and the velocity gradient is
the same as the inner product with D due to the symmetry of o. This inner product is the
stress power. When using the pushed back versions of the tensors, and integrating over the
reference configuration, the same stress power integral is obtained. So it holds that:

For any volume Qg that is deformed into €);:

/ o:Ddo,= | S: Eda
Q Qg

Proof:

S: Eday = (JF Yo F~T) : (FTDF)da,
=tr(F'oF""FTDF) Jday
= {r (F‘la'DF) J dayg
= tr(o D) do.
=0 : Ddo,

14.1. Surface integral for constant pressure .

If the pressure is constant (independent of location) the following lumped surface traction
force needs to be computed:

It 1s:
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And the result is put together as
ox

ox
F.=p N, X — dadf
t o, ™50 " 05

(] )

14.2. Reduced kinematic description.

A simple example of a hyper elastic material is a Neo-Hookean material which has a linear
stress-strain relationship but is valid also for large strains. The strain energy function is
U(C) = Zu(trC — 3). To make it an incompressible material, instead a modified Cauchy
tensor that has always a determinante of 1 should be used, namely:

C=J3C

and replace the strain energy function ¥(C) by ¥(C) := ¥(C). The second Piola tensor
becomes: :

§3(C)

= JC1
S 5C +p
To calculate this derivative is a bit tedious. First one obtaines, using det (C) = 1l = J%
8Ille o .,
=J°C
aoC

Thus,
8J‘2/3 _ 8]1181/3 — _}_J—2/30—1
oC oC 3
To calculate the derivative of the modified strain energy function, the chain rule is applied:
oC; _ o(J~23Cy)
8J 2/3
= Tagy Cat T eudn
oIII;"? 13
= ——C; +TI11,77646;
0Cy CJ + c kOjl

1 430111,
= ——IIT
3 8Cx

1. _
= _511104/31110(0-1),k0ij + ITI; 6465

1. .
= _511101/3 (C™YCij + ITI; 36,65

_ 1
= IIICU?’(——?;C@(C“l)m + 6i051)

——CCy + I 6465

This can written more elegantly as:
oC

1
O _ g2/8p 2 -1
50 = - 50e07

(C.3)
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Where the components of 1 are: iijkl = 0;10;; It could also be written as follows:

0C _  opp 1=
(C.4) 80-”] 1—3C®C
For notational simplicity the following reduced 2nd Piola tensor is defined:

—= 8111(0)
C.5 S =
(€:5) oC
Therefore the following expression for the 2nd Piola tensor is obtained:
BII/(C)
(C.6) S = 3C
- 1 —

(C.7) = J23 (S —3 (S : C’) C‘l)
(C.8) = J3g (S c)c™?

LEMMA 2. The hydrostatic pressure field of modified elasticity potential disappears.
Proof: The hydrostatic pressure p is:

_1 ~1(q.

p=3J7(5:C)
;J‘lj 23(S C—g(S C)Cl: )
;J 5/3(8 o——(s C)-3)
=0

15. Appendix D: Notes on linearization

In components:

OSm 5 8(SsXijm)

“8Com © 8Com
8 i 8%1 l
= acu]v -xu'unm%z]kl + 2523 807:,:
= uvuvnm A 2 i 7 h =2—=.
@” X %]kl‘*‘ S]ac with D 50

The first part of this is:
_ﬁijuvxuvnm%ijkl
— 1 1
= J—‘4/3 @ijuv (dundum - _Cuvcf,;}z) <6ik6jl - '?:CUC];1>

. 1

[SURE

— —_— — 1—
- J_4/3 (lenm - (leuvcuvcgr}z + QZJnmCUCk—ll) + 592‘.7"“10 C C 1C'nm>
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In tensor notation this is:
D:X:X=
— 1, = — 1 —
J4/3 [5) -3 (@®:C)eC'+C '@ (C:D)) + §(C :D:C0)C'® 0—1}
The other part becomes on expansion:

TR T (‘] " (5““63'1 - E%C”C“l>> -

1 __ _ 1 _ _ 0 1 _
=-3/ YCm ((5ik‘51'l - gCijCkzl> +J 2/330nm <6ik(5jl - gcijckll)

0(CiiCy)
OCrm

1 [ 1
- —‘51]—2/3 Cr:nlfz (61]66][ - gCUCI-c—ll) +

L

1 [ 1
- ~§J‘2/3 ct <6ikaj-[ - gcijc,;‘f) + 6inbimCift — Cijc,;,}q;nl}
1 [ 1
= —EJ)-J—_Q/E' 6ik6jl01:7}z -+ (Sin(Sij&l - CZJCk—nlC; - ECUCI;ICT:T}L:I
The contraction of this long expression with S;; yields after some work:
1 [ _ — P | NI
—gJ‘m SuCrm + SumCiy — (85Cy) (Cknlclml - gckzlcmi)]
This can be rewritten in tensor notation:
- 06X S - = 1
L2 T 12/ -1 -1 . : ~N 2t ol -1
S'aC 3J S@C +C7RS5S—-(5S:C)J 30 ®C )} )

where
jijkl = Cz—l_clcj—ll .
Finally, the modified elasticity tensor is the following:

oS
28—6—' =

4 [5-3(®: 0807+ 070 (0: D) + 1B ) 0.0
_ : - ~ 1
_ ;]—2/3 [5 ®C+0 95~ (5:0)(F-zC" e C"l)]

16. Appendix E: Notes related to fluid mechanics

LEMMA 3. If the kinematic viscosity v is constant, the double divergence of the viscous term
in the Navier Stokes equations of an incompressible flow disappears:
Proof via index representation, using v;; = 0.

1
dZ"U dZUD = Dij,]'i = 5(’01',]' -+ 'Uj,i),jz'
1 1
= 5 (vigs + Vjij)i = 5(%‘;‘ +0)

= Vigji = Vigjg = 0
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LEMMA 4. If divv =0, it follows that: div(Vv(v —w)) = tr(VvV(v —w))
Proof: '
(vi5(v; — w5))i = vigi(vy — wj) + vi,j (V55 — wji) = vig(vze — wys)
LEMMA 5. If Vv = (VV)T, the velocity field is free of rotation and can be represented as
the gradient of a velocity potential. In this case, an inhomogeneous Bernoulli equation for the
velocity potential is obtained.

First it is clear that:
vV

Vv.-v=V (—2—) if Vv=(Vv)T <=> rotv =0
Also, if Vv is symmetric, it can be written:
1 1
§V[(V +w)(v—w)|= §V[V2 —w]=Vv:(v—-w)+ (VW) (v - w)

Using this to replace the term Vv - (v — W) in the moment equation, the following Bernoulli
type equation is obtained:

1
(E.1) v + —;—V[v2 ~wi + ;Vp = (Vw) T (v -w)
0 -
If the velocity potential is ¢, this can be rewritten as:
1
®2) v (04 51967 w2 ) = (Tw)7(V - w)
0

17. Appendix F: Implicite time stepping method

A general implicite time stepping method is described here that can be used for solving the
discrete equations of the vocal tract model. For the sake of generality, the variables z, p and
others relating to the discrete model state are replaced by a vector variable q. The augmented
virtual work equation can then be written in the following general form:

(F.1) 0 =r(q9) = Mg+ f(g:9) — 9(q,?)

This needs to be linearized around an iteration point ¢f . ,, whereby the upper index represents
local iteration (time frozen), and the lower index represents time.

(F.2) T(Q:ii) = T(Qﬁﬂ) + S(QSH) (qvﬁii - QS+1)
where
k or
(F.3) S(tny1) = 55 o
We got:

_ 04 9F 9fd¢ Og
(F.4) Slg) =M 3¢ V30 T 9600 7q

In the well-known Newmark method, the following approximations are used:

aq 1 . aq v
e~ id and HE=1
9 = G2 id an 9~ Bh i
whereby usually 8 = 1/4 and v = 1/2, id is the unit matrix of dimension equal to that of q.

The dynamic equilibrium is computed by solving the equation r(¢5T}) = 0 by means of a

Newton iteration. During the Newton iteration the time is “frozen”, that is, the lower index
of ¢ does not change. At the end of the iteration (if it converges) a new location g,,; has
been found. Then one step in the Newmark algorithm is computed, which results in a new
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(predicted) velocity, and acceleration. After that a new Newton iteration is executed that will
result in a new state, etc.

17.1. Newmark’s method.

The well-known Newmark’s method is based on the following approximations of the integrals
over a time-interval h.

tnt1
/ Q(T)dT ~ (1 - V)hQn + th’q'n—i—l
tn
tnt1 . 1 2. 2.
|7 o = ie)r ~ (G = O + B
in

If the coeflicients in these approximations are chosen as § = i and v = %, the resulting time
stepping algorithm is unconditionally stable for the linear case. The algorithm is based on the
idea:

Given ¢y, G, and §,, express ¢n+1, and gp+1 bY Gn, ¢n, Gn, and the unknown ¢, ;. Insert this
into the linearized dynamic equilibrium equation, nd find g,.; by iteration.

Using Newmark’s integral approximations, the following is obtained:

: 1 . ..
On+1 = Gn + hQn + (5 - B)h’ZQn + 5}7/2(]11—%—1
q.n—i—l = (jn + (1 - ’}’)]’an + f)’h(jn—i—l
From this one through elimination it can be found:
. 1—-2 (11— 2\h in 2
(F5) l: 2n+1 } —_ I: __LIB (1 -_2571_) ] . { q ] + [ & jl . (qn+1 — qn)
In+1 Gh 25 gn Bh2

This equation must not be understood as a 2-dimensional matrix equation but as a 2n-
dimensional equation. All variables are n-dimensional vectors. For the special choice of § = ;11—
and v = 3, it becomes:

. ‘_1 0 . 2
(F'6) ('I'n+l = [ - —1 } ' q" :l +1 4 |- (Qn—H - Qn)
An+1 h an %
For every approximation of g,,i, which is obtained at each step during the iteration of the

dynamic equilibrium equation as ¢f_ , the variables ¢4, , and G*_, are computed via the above
matrix equation (F.5).

N |

18. Appendix G: Some relevant constants and definitions

Viscosity of air: p =1.84- 10'4ﬁ%—S

Density of air: pp = 1.2 107385

» . 2
Kinematic viscosity of air: v = £ = 0.153°¢
Fluid mechanically relevant dimension free numbers:

Reynolds number: Re = Yelogo

Strouhal number: St = v_{;—tQE



18. APPENDIX G: SOME RELEVANT CONSTANTS AND DEFINITIONS

18.1. List of frequently used symbols.

th @
D ®T NS 9

<

<\
~ < g

w3
sSH
3 <

Na, Qa, P, Ra

=

»

Q.
M« B8 O~

b M

(spatial) Cauchy stress tensor

Density

(material) 2nd Piola stress tensor
material coordinate (reference)

particle coordinate

velocity, accelaration field.

grid velocity field

local time derivative, spatial and material
force field, various use

variational velocity field

pressure variables or hydrostatic pressure
shape or interpolation functions

virtual work

deformation gradient

Jacobian det F'

2nd order unity tensor ;;

Cauchy deformation tensor

Lagrange deformation tensor

symmetric part of velocity gradient
surface normal

inner product of two vectors (z;y;) summation over %
outer product of two vectors (z;y;)

2nd order tensor contraction (A;;B;;).
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