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Direct Representation and Detection of Multi-Scale,
Multi-Orientation Fields Using Local Differentiation
Filters

Abstract This paper provides a computational framework for represent-
ing and detecting multiple orientation fields from a set of local differentiation
filters such as multi-scale Gaussian derivatives. In contrast to the previous
work on steerable filters by Freeman & Adelson, the representation is direct
and closed-form, i.e., we do not need to steer the filters to detect multiple
orientations, but can estimate them in a single-shot manner by solving al-
gebraic equations. Further, the filter does not need to be strongly tuned
to orientations, since the derived algorithm does not suffer from the prob-
lem of interference between signal components of the multiple orientations.
The capability of extracting the characteristic image structures of different
scales are demonstrated by simulations. These advantages are accomplished
by using the Principle of Superposition. Our framework suggests a math-
ematical basis of efficient and compact multi-scale, multi-orientation image
representation in the hypercolumn of primary visual cortex.

Keywords: Orientation detection, Edge detection, Texture analysis, Differ-
entiation filters, Principle of Superposition, Hypercolumn, Wavelet
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1 (FL&®IZ

BROBE AL — v hroOHER-IE, 2 Ea—K¥
Va v AEOREERLEC BT 3 3 - & dERH AR
#tcp 3 O) 13 A9 A9 @, FrEgHoEH IR
Q) zvvegsr—vorl @ @0 2) Frxs
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BHAFORM G, SAOHEEIRZE 5 e D ICKE A RZ
(junction) oHHC d EEAREEFHL 2 D AD A2,

R, ZEHFERIHT 2 e icid, BidHA~gHW
HM—{Ea2HFOSHO 7 A A 2 2B L. HAOXKE W
T AN ZOREFTEFAE AL — v OHEE LTERET 305
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RETTHER 7 4 A& (Steerable-scalable filter) ##E L % (18),

L2 L. ThboHETHE, B—ARcERtEZHRF> 7
ANZELDHERTE R\, SEAAORHIIE. E5HED
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o7 a2 oER O KELiLcwz, ¥ 0 F
BA~D 1 ERSIEAT 2R TEET 5,

a(8) = 0y = (cos 8)0; + (sin §)0, (1)

0, = Z £ 0,= % B ThEn. z HA. y HHDR
BoREFTH 5. 1EHAE 0(z,y) B 2O 1FBEHS
HAFCER I 2ROFBEXE T T

a(0(z,y))f(z,y) =0 (2)
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HEX (3) @ KR0H v 2EROBS (FH T ZAZTr—r
B EPER) L OBEHAHTECEETEHE D,

{a(0(z,v))Go(z,y)} 0 flz,y) =0 (5)
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2 HEBK BT LEERFMEOFEEE (No.11)

BEEelRL L5,
a’(8) = 05 = {(cos 8)0; + (sin 8)0, }" (6)

TR 7 4 2 E 2T v TRT y VICBRET, BER7
ANRE, BRRAS R - B TH D, DIT. r iR
W e R, HttEEE O i, r BoTE
G742 B (r+ 1) BORET 4 1 X DRSS
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HIZSHIRET S B,

{a"(0(z,4))Go(z,y)} o f(z,y) =0 (7)

Freeman & Adelson (&, AWK T r =4 & LA AHEE
fe7 4 A2 AT, SEHARE T2 © O, co
Tra) Xald, HAAT A— 2 %HEEEEI T, 25
IHIAF—DERE -7 %2 RKDDEDDTH 5 %o

2.2 BHELRSOEOREILZSEHAOE

R
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7u— T 5FEAROHFHERL LT, FIOTE Y a v
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ZEHEAZ — ik, TER (7 ) ERgbdic -
TERREND LIRET B0 FIZE 2HEAE—Y f(z,y)
Ry 2ROBE—HAAE -V fi(z,y) & folz,y) OF f(z,y) =
filz,y) + falz,y) THEEE NS, fi(z,y) & folz,y) s
FEAHEX a(01) fi(z,y) = 0 & a(02)fa(z,y) = 0 THIR
ENTVB, 2HM 6, &0, DEERZ. M2(0b) KRLE
o COEE. 2EHAMAL— v fz,y) BT 5 HAHR
FHERZ. a(by)a(b)f(z,y) =0TH 3, ZOHEXDEE
BI% LI PR ,

A ETF o(f) KBIF R0 2HEHE v 5,
(1) B a(0){ f(z,y)+9(z,y)} = a(0) f(z,y)+a(0)g(z, ),
a(0)0 = 0, (2) A a(61)a(fs) = a(f1)a(f1) o 72 LA
FHRABRE O CRPEMCER R L. ThbEHw
T\ ROBRIEHAE 5,

a(b2)a(01){f1(z,y) + fa(z,y)}
= a(62)a(61)fi(z,y) + a(b2)a(t) fa(,y)
= a(02)a(01)f1(z,y) + a(61)a(62) fo(z, y)
= a(0:){a(61)f1(z,y)} + a(61){a(02) fo(=,7)}
= a(f)0+a(61)0=0+0=0 (8)

n B FRHOEAFRGER DO —BRPERATH %,

a(0n)a(0n-1) - a(01) f(z,y) =0 (9)
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AL, ZEOGG LFERTH 2. CoGERR. B f(z,y)
D n BRESOROFRTH 2. COFBEANDL. FES
FRE O DO 7 4 1 & OEAFPRGTEREE 5,

{a(0r)a(0n-1) - - a(01)Go (2, 9)} © f(2,y) = 0 (10)

FIERIC. X D RfamRE r 25086 OEAFIRS
B2, EhEgbEoFEE»bEMN D,

{a”(6n)a"(0n-1) -+ - a7(61)Go(z,9)} 0 f(2,y) = 0 (11)

chid. B f(z,y) O (rn) BRED 7 1 1 2 B0
HTHDb, COWBRCHELFRE. (rn+1) BoHH
HH T ZART —AEHOHEET 4 X THRETE 5, K
ﬁﬁﬁ(m%unéi:ﬁﬁﬂ?;—ﬂemszn-m)@
IEFF% AN X € EDFBRHBEIL L A v

3 NOIA—FHEFEMBEL L TOHMRE

BT CE W XA AR CE S AR T A~ =
Y X L%, FUBIC, B/NEORED b ORTRER
» 5o RiIC. RPN 2REELE A5, ITOMERT
By f = flz,y) 2BWT B, VAR —AHSICEL
T BHEHRDOIEZHN S,

ogrta

def
GPI(z,y) = 2oy

Gs(z,y) (12)

G z,y) & 3G, (2,9) = {(c0s0)0. + (s 0)D,} Golw,y)  (13)

o
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3.1 HIEERMS DRI

EAFEX (11) & nflORASA—%0;,(1=1,2,---,n)
BT Lo T, FENIKCE, nHoFv22F7—0r
BAtEEREINE n TENRBETEX R A T3HERSTE
« nHEERDbND. L T > 1 OBER. HHE
BN, #HE 1 HCR Y ALK E b ICHFER PSS
HTH5. FHEMOTY PSR, EFEROERE L LY
Hbh s,

311 n=1, r=1 0OHES

COHER ERFARSTEX
{a(6)G,} o f = (c0os0)GD o f+ (sin)GPV o f =0 (14)

ZfFAT 0 33RO OIS,

L GOy
9 = tan 1 (——W) (15)

312 n=1, r=2 OKEF
BIRRIC, 2BERRSY 7 4 M Z DEFEE RS
{a®(0)Go}o f = (cos?0) G®o f+ (sin?0) G o f
+2(sinfcos ) GOV o f =0 (16)

% 0 KDOWTHRWT, ROWBEB LN 5,

=G o F 1 /(GEV o £)2 — (G 0 £)(GPD o £)
G‘(fo,z) of

(17)

f = tan™
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2IRORELER. B—HiIc BT 3 2BEEFHSERA T’
N HEANT A E R —BICRETCEEANC L ERT, CO
BEn. TMEERY ST 2 0ERD %,

3.1.3 n=2,r=1 OEY

2EFADGEICE 2HM 6\ 0, 257 =2k
D 2 PR ORI OBHARGERXTH 2o

{a(62)a(6:)Go} o f
= (cos 81 cos 0,)G3% o f + (sin 6, sin 6,)G*? o f

+(cos 0 sin 6 + sin 6y cos 6,)GI o F =0 (18)

28 (z1,71)~ (22,92) CBT 2EGEHMOELXHAV5. F
Z) &\ 01,02 ki\ ﬁﬁ‘fﬁkbbi’b%o

—D,+/D —4D,D
01,0, = tan™! —— it (19)

2D,
<7 LA
| (GO o f)(z1,51) (GO o f)(2,92)
D1 = de ’
t L (Ggl’l) o f)(:v1,y1) (Ggl'l) o f)(l‘z,yz)
D, = det (ng,o) 0 f)($1>y1) (ng,o) o f)(l'z, yz)
| (GO0 f)(z1,31) (GO o f)(z2,32) |
[ (GO o f)(21,91) (G o f)(z2,75)
D3 = de g
G890 fany) (G2 o £)(za,50) (20)

A OAR R HAZRET 3 O CBLERR/NEOHE
HEAFTHICER L T3, chid. EERNAERKRES 3
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b0, EEOFERICEFADZE N EED /A X &ZE/E
FAtEEODIC, FHR. RERELE LT v, £C
T\ FAoBHEHES L CRREORECERT 3 BE:
HBo chici, FlalE, ERMEER 19 olEAAZEL b
hd. Ll FRAOCEZEHESEEOZR TREZHED
RABEFTH L, £ T KImXOT AT Y XALTHS
EEtRE{LOAEEH 5,

ZEED n., HEERERE r OBE0 2FEFEI R
F-BHERATERT 5o

E(n,r)(91($07 y0)7 92(1‘0, yO)a Tty —Hn($07 yO)) = /7;2 Hw(m -~ T, Y — yO)
x{a"(6,)--a"(61)Gs(z,y)} 0 f(:zc,y)”zda:dy (21)

BHABEE w(z — 20,y ~— yo) B~ (z0,y0) XHDEF B
BEBEED Do COEHERCRPBEILET5. =X
nE B (21) OB/MED B, n FHE 6, =1,2,- -, n)
DHEEEIRD LN D, ThEFTS—DDHER, 6, =
1,2,---,n) THEOND n RILT A — 2 L@ ERT S
TeTHDo AHIET 4 X TFHDN T IEHBE— 27 D
TR n BHEZER [0,7)" KB 3 B—0R/MEDER
CEEHDZ, Ll UTFeREh2Hb, pEWEHE
B on LT AR r O LT, B A TS
Bbhs,
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321 n=1,r=10K4

ZOBER ROEFEMEZHEATHITNT v = X
VAV S 1R (R

ay; G2 cosf | cos 6
[(112 agg}{sine}_/\[sirﬁ} (22)
fCﬁL\ %E"f‘iﬁ@\ mf%%LfCO

an = [ (o= 0,y =) {68 0 N(GET 0 )} dudy,
ap = -;jRz{w(fv—mo,y—yo)}Q{(Gﬁl’o)Of)(Gc(rO’l)Of)vL(GSO’”Of)(Gc(rl’o)Of)}dmdy,
an = | {w(=~z0,y—y0)}” {(fo”“ o (G o f>} dzdy (23)

R2

g s g DBEF T EREK T, BT 4+ Z ORI, quadra-
ture pair W TEHBEUICHIRI L 5,

yd 3.22 n=2,r=10OFE8

BER (21R) oD 7 42 2Bk 2 5HOKRHD
B EBLc B TES, £, K (18) KBWT,
FR%Y cos 0, cos 0y, sin 6, sin 0z, cos 8, sin O, +sin b, cos b, %
. ERER P, P, Py TEEHLS, 75 L. HEAR
INbDRT -2 LT ICER S, XX —m/b
ERER. RoBEFEAEXCRES 5.

ay; G2 2ag3 P 100 P
a1 azy  2ags P2 =X]010 P2 N (24)
2(113 20.23 4(133 P34 0 0 2 P34
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AR RATEEEN D,
.
aij(0,90) = 5 | {w(z — 20,y —y0)} (9:75 + 9;F) dedy  (25)

g s EnEh, g1 =GP0 f g =GPdo f g3 =
Gglvl)of T%Z)o <7 W (P],PQ,P34) ﬁ\ %ﬁ%%%m
Tﬂ%‘i Z)o u—F\ Pl, PQ, P34 75‘6 01, 02 %*béﬁﬁ%

B, ROEERFRK DI, .

(p1+ pz)}T

(p1— pz)}T )

%(pl ®p2+pP2®p1) = {%(Pl + Pz)} {

- fhom){

b = RO —

(26)

7L Py = (cosfy,sin0)T  py = (cosfs,sinby)T <
Hbo LDLE, (p1+P2,p1—P2) =0, BEYILD, D
ED. p1+p2 & pr—p2 B EWKEEHTH S, ZOFR
Er, FHOEAEREEZACT p1+p2 & p1—p2 2K
DD, M &, TOEHEEMEZKCTEERT S

P P34}
M =
[P34 P

= (Ve Pen)T = (J=rel)(/=rel)T,

(27)

2HEOEAM A & Al ik AEX A <0 < AL 2k
j—o e+ & e._ ﬁ\ %fb%fb\ @E‘{E /\+ & /\— Kﬂm_\-j‘z}
BMiEA<7 tAaTh b, corE K (26) EX(27) %
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HEL TRAER Do
1 1
§(P1 +p2) = ky/Arey, §(P1 —pz2) = ky/—A_e_, (28)

kXERTH b, #F (cosby,sin6,)T & (cosby,sin d,)T
et L TIROERR b5,

—A A
9 . T — = +
(cos 61, sin 67) s ey + e

[ —A [ A
(cos 0y,5in0,)T = — W e; + % _+/\ e_. (29)

] HENFA—Z 0, & 0, . ChoDHEIRI bbbl
EBICEETE 3,

€,

3.3 EET 4 ILFEEIZH T SD quadrature pair
DAEVE
B Y 27y RO E D CRIGETE 74 4 %
e B kit quadrature pair x w7 AR P B, Free-
man & Adelson &, TOFHEZIGH L TAEFEY 1 L 4
BEELE © O o, Wy 415 GO) %0
B~ MEEHR H(0) 2Rl CERET L. Eh btz k¥

—Bf v~
E(0) = {G(0)}" + {H(0)} (30)

Lo Lice BB OESICD, THERIOECERS
MICIREE L<RIHT % %,

E(01,05,-+,6,) = {G(61,02,--+,0:)}> + {H(61,04,---,6,)}° (31)
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b 5L EHENARBEDARETH S, X (25) D ¢ T
. B G(0) &y 2D B~ NEHR H(8) R EERO
SEHLEHCH IS TT, KO 1 HOEREE7 4+ & &
%% 5o

F(91,92,-- ',9,1) = G(01,02, v ,911) + iH(91,92, o ,0,1) (32)

Z LTy ZRIAAF—REREHED 2/ TERT 2o

oL xE,

E(ala T 7011.) = F(ala' e 7971)—F(017' : '3971)
= (GO 0) + H By, 80} (GO, 00) — iH (b1, -+, )
(GO 0 4 {H (B, 0, (53)

THbo . G & H 2 CHEHLTLRIAALF —
DURATERLTH, ¥ b, EBREELLTEELT
bESTH B,

AL ORI BT ECHRETRER 7 4 A4 G (2,y)
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Fig. 1 The Interference Problem with Steerable Filters
(a) A multiple orientation line pattern. (b) Energy responses of the conven-
tional second-order steerable filter to vertical and horizontal line features,
and a response to their superposition.
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Fig. 2 Definitions of Single- and Multi-Orientation Fields.
(a) Definition of single-orientation field. (b) Definition of two-fold multi-
orientation field.
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Fig. 3 Results for Step Iidges and Corners.
(a) This pattern is composed of 8-pixel-wide vertical and horizontal lines.

The

5[pixel].

display of the orientation was at an interval of 8 pixels. (b) Output of the

0.6[pixel] and € =

The scale parameter of the filter was o

At the

corner points, the detector responses are incorrect. (c) Results of our multiple

single-orientation detector using the first-order scaled derivatives.

orientation detector using the second-order scaled derivatives. The multiple

orientations at corner points are correctly detected and estimated.
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Fig. 4 Results for line features.

4 B B R

(a) This pattern is composed of 2-pixel-wide digital line features with folding
points. The scale parameter of the filter was o = 0.6[pixel] and € = 5[pixel].
The display of the orientation was at an interval of 8 pixels. (b) Output of
the single-orientation detector using the first-order scaled derivatives. At the
folding points, the filter responses are incorrect. (c) Results of our multiple

orientation detector using the second-order scaled derivatives.
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that the multiple orientations at folding points are correctly detected and

estimated.
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Fig. 5 Results of multi-scale, multi-orientation detection for a com-
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Two orientations of sides of the ¢

plex pattern.
a) The pattern is composed of elementary square patterns of 9 x 9 pixels.
P Yy 8q P
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detected. (c) Results for the case of o = 4[pixel]. Two orientations of a more
global structure composed of five elementary squares were detected.

The scale parameter o was 1, 4 and 16[pixel] and ¢
of the orientation was at an interval of 9 j:ixels.

in the overall image were detected.

of ¢ = 1[pixel].
Results for the case of &
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