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1 Introduction 

Feedforward neural networks are usually employed in the learning of an input-output 

mapping from a given (finite) set of sample data. When the mapping to be approximated 

is single-valued, these networks are known to successfully perform the approximation task 

without altering the composition of the learning data. However, for the case of multi-

valued functions, i.e. functions that assign multiple values to each point in the input space, 

it is necessary to cluster the data into groups that correspond to different hypersurfaces 

on the output space[3]. Such an additional task is computationally burdensome, especially 

with noisy learning data. 

The approximation of multi-valued functions can be viewed as a mathematical frame-

work that provides a solution to one of the problems encountered in computer vision, 

namely that of multiple transparencies, where it is necessary to reconstruct occluding sur-

faces (assumed to possess a certain degree of smoothness) from a given set of data[5][6]. 

Multi-Valued Regularization Networks (MVRN) have been proposed to solve this 

problem. MVRN s are derived from the Multi-Valued Standard Regularization theory 

(MVSRT), which is an extension of the standard regularization theory to multi-valued 

functions[ll[3]. The idea is to represent the mapping by a single algebraic equation which 

is linear with respect to the coefficient functions. This representation then yields a linear 

Euler-Lagrange equation for the resulting energy minimization problem, thus facilitating 

the extension of the techniques used to derive regularization networks to the approximation 

of multi-valued functions. 

A brief discussion of MVSRT and the derivation of MVRNs are given in the next 

section, while some numerical experiments that suggest the power of MVRNs in solving 

surface transparency problems in computational vision are described in the last section. 
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2 Multi-valued Regularization N etworksf1H2H3] 

2.1 Multi-valued Regularization Theory 

We consider only scalar h喜luedfunctions f : 冗＂一冗. Here, 冗 isthe set of all real 

numbers and h stands for the multiplicity off, thus 

如 3x~(Xl, ・ ・ ・, Xn) H {~l 

Yh 

Let fi(x) be the single-valued function sending x into Yi・Then y = f(x) can be 

祐 E冗， i=l,・ ・ ・,h. (1) 

expre'ssed as follows: 

(y-fi(x))(y-h(x))・・ ・(y-fh(x)) = 0. 

Eq. (2) asserts that each point (x, y) must lie on at least one of the hypersurfaces 

y = fi(x), i=l, ・ ・ ・, h. 

Expanding Eq. (2) yields 

h. II (y-!i(x)) =凡(x)+ ;F2(x) +・・・十 yh-1凡(x)+ y'し=0
i=l 

where Fk denotes the kth elementary symmetric function on the fis: 

F1 = (-l)hhh・・・J,, 

(2) 

(3) 

h h、

Fに 1 = I: I: Jiふ
i1=li2=れ+1

h 

凡＝ーI:!i
i=l 

Here and below, we shall refer to the /is as the component functions and to the F1.:s as the 

coefficient functions. 

With this representation, which is linear in the F1,:s, the regularization problem for 

multi-valued functions becomes one of minimization of the following functional with re-

spect to the F. 炉：
N h 

E[Fi,F2, ・ ・・，凡]= L {A(x(i),Y(i))戸＋区心 11s』凡(x)ll2 (4) 
i=l k=l 

where N denotes the number of sample data, (x(-i), Y(i)) the ith input-output data pair, 

A(x(i),Y(i)) represents the left-hand side of Eq. (3). II・II is the square-integral norm in the 

function space F to which S1,;F1,; belongs, which for g E F is defined as 

Ilg厨=j {g(x)}2 dx 
冗’’

and S1,;, 入kare the regularization operator and regularization parameter, respectively, of 

F1,;. S1,; is usually a differential operator, with均,as its adjoint. In the following, we will 

assume that S = S人．，入＝入kfor k=l, ・ ・ ・, h, so that Eq. (4) simplifies to 

N h 

E[F1,F2,・・・,F1i.] =区 {A(x(し）'Y(-i))}2 +入LIISFk(x)ll2- (5) 
・i=l k=l 
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As can be seen from Eq. (5), the functional to be minimized consists of two terms: the 

first representing the goodness of approximation, and the second reflecting the degree of 

smoothness of the required solution. The trade-off between these two terms is controlled 

by the regularization parameter入．

2.2 Derivation of the MVRN 

Using standard techniques from variational calculus, we set each partial difference 

w.r.t. the unknown functions F1,; (k=l, ・ ・ ・, h) in Eq. (4) to 0, yielding the following Euler-

Lagrange equation: 

N 

区 (Y(i)l-1{A(x(i),y叫}o(x-x(i))+入 ss凡(x)= 0 

i=l 

or, rearranging, 

1 N 

叫x)= ーヌ（〗国）1.:-l{A(x(i), y叫}o(x-x(i)))

(6) 

(7) 

Eq. (7) is a partial differential equation, and to solve this equation we again resort to 

the techniques of variational calculus: compute the integral transformation of the right-

hand side of Eq. (7) with a kernel given by the Green's function of the differential operator 

SS, which is the function K satisfying the distributional differential equation 

SSK(x, x') = 5(x, x'). (8) 

The presence of the delta functions in Eq. (7) converts the integral transformations into 

discrete sums, and the unknown functions F1,; can then be expressed as 

N 

凡(x) = I: ri (Y(i))'--l K(x, x叫
i=l 
1 

内＝―叉A(xu),Y(i))-

ヽ
｀
~
、
．
~

9

0

 

(

1

 ,1
、

From these equations we see that each function F1,; can be written as a linear combination 

of the N Green's functions K(x,x(i))-The properties of the Green's function K defined 

in Eq. (8), and therefore of the functions F1,;, are determined by the differential operator 

S, also called the stabilizer. In this paper, we shall use a rotationally and translationally 

invariant stabilizer which leads to the following n-dimensional isotropic Gaussian Green's 

function: 
llx-x'll2 

K(x,x')=exp(- 2CJ2)'t/x,x'E冗". (11) 

Fig. 1 shows the architecture of the Multi-valued Regularization Network derived from 

Eqs. (9) and (10). The MVRN consists of two network modules, with the first module 

used to map the input vector x into F1.:(x), and the second used to map FJ.:(x) into the 

original component functions fi (x). In the first module, one can verify that 

l. the number of weight parameters r; is equal to the number of data samples N and 

is independent of the multiplicity h of the function, and 

2. the内sare shared by the h functions F1.:. 
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These properties are consistent with Eqs. (9) and (10). The second module, on the other 

hand, works as a decomposition network which solves the inverse problem of finding the 

value of the component functions fi(x) from the F1,;s. Since this process involves the 

determination of the h (real) roots of the linear equation (3), any numerical method of 

solving h-degree algebraic equations can be used. How~ver, because of the low (at most 3) 

h values considered in this paper, the second module reduces to a set of algebraic formulas 

that express the roots of (3) in terms of the coefficients F1,;. 

In the next subsection we outline a learning algorithm for determining the network's 

weight parameters rか

x, x, X
 
n
 

F 1(x)・.. F ,(x F ,(x) 

f 1(x ) ・・・ f 1(x ) f ,(x) 

図 1:Multi-valued Regularization Network 

2.3 MVRN Learning Algorithm 

Making the substitutions x→ X-i, i→ j in Eq. (9) and substituting in Eq. (10) we obtain, 

after making the necessary simplifications, the following N-dimensional linear system of 

・equations with respect to the rゃ：

Kr+ z = 0, (12) 

where 

K = (K;;) = ({言(y譴 (j))k-1}K(x(;Jぷ(j))+入O;;)'
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r= and z = 

TN 

悩1)}h 

{y(2)}h 

： 

{y(N)} h 

Here, 妬 isthe Kronecker delta function. 

The learning algorithm for MVRNs thus amounts to solving a system of linear equa-

tions of dimension N for the network weights r,i. This scheme is different from the learning 

algorithms for most of the current neural networks because all network weights are known 

and fixed. 

3 Numerical Experiments 

3.1 Example 1 

Here we consider a two-valued scalar function f : 冗→ 冗 whosesingle-valued compo-

nents Ji and h are given by 

fi : X 1--, -0.3x + 0.85 

h: X 日 0.3x+ 0.15 

Two sets of 50 x values in the interval [O, 1] were randomly generated, with they values 

for the first (resp. second) set computed using Ji (resp. h). A noise component c ~ 
N(O, 叶）， Cly=0.01was added to the y values. The N=lOO data points used for this 

experiment are shown in Fig. 2. 
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図 2:Learning Data for Example 1 

For the learning phase, the regularization parameter入wasset to 0.001, and the fol-
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医 3:Network Output 

lowing Gaussian function was used as the Green's function. 

K(x, x') = exp (-Jx;::12) (13) 

The value of a for this experiment was 1.0. Fig. 3 shows the output of the network when 

M =500 test data叫=i/(M-1), i=O, ・ ・ •, M-1 are used as input. 

3.2 Example 2 

Next we consider a two-valued mapping f : 炉→ 冗 withsigmoidal component map-

pings Ji and fが

．
 

h

た

(xi, 四）一

(xi, 四）曰

0.6 
+ 0.35 

1 + exp (-15 (x 1 -0. 5)) 

0.6 
+ 0.10 

1 + exp(-15(xi-0.5)) 
for (xi, 四） E [O, 1] x [O, l]. A 3-dimensional graph of this mapping is shown in Fig. 4. 

As in the preceeding example, a Gaussian function was employed as the Green's func-

tion, with the absolute value appearing in Eq. 13 replaced by the usual norm 11・11 in定

a for this case was set to 0.4. 

The procedure for training the network follows closely that of the preceeding example, 

with N =200 randomly generated learning input data xぃ=(xii, x;2) E [O, l] x [0, l] such 

that the corresponding output Yi is given by 

応叫＋釘， 1雲 N/2

y; = {瓜X叫+E.;, N /2<i:SN 

Here, c ~ N(O, 叶） with巧=0.02,and入=0.008.Fig. 5 shows the approximated mapping 

using M2=225 points 

(M~l'J_1)'i,j=Q, .. •,M-1. 
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as test input data. 

0. S 

0 .• 

0.4 

0. 2 

0, 5 

固 4:2-valued mapping f : 炉ー冗

0. 75 

o. s 

図 5:Learned mapping 

3.3 Example 3 

We consider the space 1{ = {(w,.,w1,w~,,w;)lw,,,wぃ w'.i:, 叫 E[-1, 1]} C応 Leta 

two-valued mapping f : 1{一冗 bedefined as follows: 

（ 
u1 = -w1/w,r 

叫:,Wt, Wx, w1) f--, {四＝ー叫/w~,
The variables w,,, w1, w~,, w;, u1 and u2 are related by the following system of equations: 

叫 2叶+(u1+□叫切 +w; = 0 

叫四w~2+(u1十四）w~w; +w;,2 = 0 

(14) 

(15) 
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By fixing the values of w: and叫， wecan see the behavior off for (w,., Wt) E [-1, l] x 

[-1, l]. Letting w~,=0.8,w~=O leads to a graph shown in Fig. 6. 

In using an MVRN to approximate f, we randomly generate N =576 quadruples 

(W:1.:, Wt, W~, 叫） = x(i) such that both lwtf w,, I and lw;/w~, I are less than or equal to 3, 
and assign u1 (resp. 四） to x(i) if i is odd (resp. even). 

The parameters for this experiment are as follows: 入=1.0,a Gaussian Green's function 

with a=0.08 (as in the previous example, Eq. 13 has to be modified so that the usual norm 

II・II in炉 isused instead of the absolute value), and noise components E,l~N(O, 叶） with 

匹 =0.02,臼 ~N(O,叶），臼~N(O,叶） with四＝びt=0.01,added to the u, W:i.,, and Wt values. 

Using M2=N =576 test input data 

(2i 2j 
M-1'M-1 

-1 — -1,0.s,o), i,j=O, .. ・,M-1 

yields the approximated mapping whose graph is shown in Fig. 7. 

4 S u1n1nary 

This report is aimed at presenting the ideas behind the Multi-valued Regularization 

Theory (MVRT) and its network implementation, the Multi-valued Regularization Net-

work (MVRN) which is used to approximate multi-valued mappings on冗. The tech-

niques used in deriving MVRNs relied heavily on the theory of calculus of variations, 

starting with a direct algebraic representation of a multi-valued mapping and proceeding 

to solve the Euler-Lagrange equation associated with the regularization problem for this 

case. It was shown that the learning algorithm for MVRNs is equivalent to the solution 

of a system of linear equations whose dimension is equal to the number N of sample data 

and is independent of the multiplicity h of the mapping to be approximated. This is a 

remarkable property since the computational time for solving an N-dimensional system of 

linear equations is proportional・to N3. 

In order to verify the applicability of MVRNs, several numerical simulations on the 

recovery of multiple surfaces from randomly generated noisy data. The results were con-

vincing, showing that further research on the possible applications of MVRNs to other 

fields is worth pursuing. The estimation of double optical flows, a major theme in com-

putational vision, can be given as an example of such an application. 
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MVSRT 

y
 

••• 
y=fh (X) 

X 

Algebraic representation of an h-fold surface: 

(y-11 (x)) (y—ん (X))· ・ ・(y-f h ()c)) === 0 

h 

II (y-fi(x)) 
i=l 

F式x)+y凡(x)+・・・十yh-1凡(x)+ yh 

゜def. F1 

A(x,y) 
Fに 1

凡

(-l)h f1丘・・.fh 

h h 

＝ ここ几fi2
打=li2=i1 +l 

h 

ーこ Ji
i=l 

(3) 



MVSRT 

Given: N data points 

{(x(i), Y(i)) I i=l, ・ ・ ・, N} 

• ． . --・-----．．  ． . . .. .,. . .,. . --. -.. -. ・. . . ....... . . . . .. . . ． 

Regularization Problem: 

Minimize the following functional w.r.t. F k 

N h 

E [ F1 , F2, ・ ・ ・, F. 月=L {A(x(i), Y(i))ド+L心 IISkFk(x)ll2
i=l k=l 

iE (Y(ii-1{ A(x(i)国））}8(x~x叫＋入 SsFk(x) = 0 

凡(x)
N 

区四 (Y(i)l-1K(x, x叫
i=l 

巧

1 
―3: A(x(i), Y(i)) 

〔4-)

K(x,x') = A exp (-
llx-x'll2 

2~') 
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MVSRN 
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凡(x) =~ 四 (Y(i))k-l}く(x,x叫
i=l 
1 

四＝一3:A(x(i), Y(i)) 

Replace x by X(i), i by j in (1) 

Substitute in (2) 
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Learning algori thin for :t¥1VSRN: 

Solve the following N-di1nensional system of linear equations 

Kr+z=O 
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Experiment No. 1 
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Learned Mapping 
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Experiment No. 2 
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Learned Mapping 

記=225 Test Input Data: 
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Learning of velocity detection module for motion 
transparency (1 D motion) (This is a toy problem.) 

Colinearity constraints: 

Constraint of motion #1 

叫ox+似==0 

Constraint of motion #2 

U2仇＋似 =0

Constraint of motion transparency 

吐 2叫＋仇+U2)の巫＋釘==0 

OJ t
 

(u2,l) 

仇，1)

OJ X
 

Desired mapping 炉→ R , two-valued 

(OJX, OJ』(mx,OJ人→仏，U2 Learning samples: {(m氾心叫｝
i=l,2,-・・,N 
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● まとめ

◎ ワークステーションに多価正則化ネットワークを

インプリメントした。

◎多重表面の復元に関する数値実験を行い、芳しい

結果が得られた。

◎ 1次元 2重運動の検出モジュールを例からの学翌

によって実現した。

●今後の課題

◎ 2次元 2重運動の検出モジュールの実現
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